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CHAOTIC STATES AND STOCHASTIC INTEGRATION IN 
QUANTUM SYSTEMS 


V P BELAVKIN 


Abstract. Quantum chaotic states over a noncommutative monoid, a unital- 
ization of a noncommutative Ito algebra parametrizing a quantum stochastic 
Levy process, are described in terms of their infinitely divisible generating 
functionals over the simple monoid-valued fields on an atomless ‘space-time’ 
set. A canonical decomposition of the logarithmic conditionally posive-definite 
generating functional is constructed in a pseudo-Euclidean space, given by a 
quadruple defining the monoid triangular operator representation and a cyclic 
zero pseudo-norm state in this space. 

It is shown that the exponential representation in the corresponding pseudo- 
Fock space yields the infinitely-divisible generating functional with respect to 
the exponential state vector, and its compression to the Fock space defines 
the cyclic infinitly-divisible representation associated with the Fock vacuum 
state. The structure of states on an arbitrary Ito algebra is studied with two 
canonical examples of quantum Wiener and Poisson states. 

A generalized quantum stochastic nonadapted multiple integral is explicitly 
defined in Fock scale, its continuity and quantum stochastic differentiability 
is proved. A unified non-adapted and functional quantum Ito formula is dis¬ 
covered and established both in weak and strong sense, and the multiplication 
formula on the exponential Ito algebra is found for the relatively bounded 
kernel-operators in Fock scale. The unitarity and projectivity properties of 
nonadapted quantum stochastic linear differential equations are studied, and 
their solution is constructed for the locally bounded nonadapted generators in 
terms of the chronological products in the underlying kernel algebra canoni¬ 
cally represented by triangular operators in the pseudo-Fock space. 
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Introduction. Non-commutative Ito algebra 

Non-commutative stochastic analysis and calculus appeared in the eighties as 
a result of the mathematical justihcation of the notions of quantum white noise 
and the corresponding ‘Langevin equations’ discussed by physicists from the sixties 
onwards in connection with stochastic models of quantum optics and radio-physics 
m, m, m The first rigorous results in quantum stochastic calculus are due to 
Hudson and Parthasarathy m, who in 1983 described a quantum Ito formula for 
operator-valued integrals with respect to non-commutative canonical martingales 
of creation A^(t), annihilation A-{t), and gage (or vacuum quanta number) N(t). 
Represented in the symmetric Fock space r(/C) over JC = by noncommuting 

operators but commuting with their increments at each t, they determine three 
linear-independent self-adjoint combinations 

(0.1) Mi=A_+A+, M2 = i(H_-H+) , M3 = 

as the ‘classical’ martingales with respect to the vacuum state. Each Mi (t) can be 
represented as a real-valued independent-increment classical martingale rui (t, Wi), 
however due to mutual noncommutativity [Mi, Mk] ^ 0,i ^ k they cannot he jointly 
represented as a vector-valued stochastic process m, {uj,t) = {mi, m 2 , m 3 ) {uj,t) in 
any Kolmogorovian probability space (0,iF, P). They are quantum martingales 
with respect to the conditional expectations A ^ At on an operator algebra 
A = .4(r) of multiple quantum stochastic integrals X with At = -^(rt) corre¬ 
sponding to the natural hltration {Pj = r(/Ct) : t G R+} of the Fock space defined 
by the subspaces /Ct C /C of the functions with the support in [0,t] and the unit 
state I 0 G riooFt of the vacuum state Eo[X] = (I 0 | XI 0 ). The triple (F, A, E) is 
said to be a ‘quantum probability space’ [2, and in general it consists of a Hilbert 
space F, a unital algebra A of operators in F with involution, Hermitian conjugation 
X I—> X* G A, and the functional of mathematical expectation E : ^ C dehned 

by the scalar product (1 | a;) of a unit vector 1 G F and the vector x = XI. To any 
‘classical’ probability space {id,tF,P) there corresponds a canonical ‘quantum’ one 
consisting of the Hilbert space F = L^(fl) with the scalar product 

if \h} = J f (w)* h (lu) P (dw), 

the commutative algebra of bounded ‘diagonal’ operators {Xf) {oj) = x{uj)f{Lu) 
given by multiplications by complex essentially bounded iF-measurable random 
variables x : Q C, and the functional 

(0.2) E(A:) = J x{uj)P{duj) = (1 I a;), 

dehned by the probability vector l(w) = 1 for all u; G fl, see for example [H2]- The 
converse is true only in the case of commutative C'*-algebra A when all operators 
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have a joint spectrum m- This proves considerably greater generality of the 
non-commutative probability theory, also covering the purely quantum case which 
corresponds to a simple, or irreducible algebra, the algebra ^ £ (T) of all linear 

continuous operators in a Hilbert space T. 

Using this analogy, Hudson and Parthasarathy introduced the notion of adapted 
operator-valued process as a family {X (t) : t G R+j of operators in r(L^(R+)), each 
affiliated to the subalgebra generated by the canonical operators {M,{s) : s < t}. 
Due to the continual tensor-product structure £ 4 +a = P* 0 P^ of Pt with P^ = 
P (/C^) for the subspaces of square-integrable functions with the support in 
[t, t+At) the forward increments AMi{t) = Mi{t+At) — Mi{t) turn out to commute 
with adapted Di (t ), which allowed to introduce quantum stochastic integrals Xt = 
Jq Di (s) dMi{s) as the limits of integral Ito sums YliterDiit) AMi{t), where 
T = {ti < ■ • • < In}, Atn = tn+i — ^ 0 as iV ^ 00 . Building on this approach, 

a quantum evolution was constructed in [26] as a solution of the linear stochastic 
differential equation dUt = UtLjdA^, Uq = /, with constant bounded operator¬ 
valued coefficients and non-commutative increments dAj = dMj{t), j = 1,2,3, 
and dA( = dt (Here and it what follows we employ Einstein summation convention 

The unitarity condition was studied using the quantum ltd formula 

d{XfXt) = dXfXt+XfdXt + dXfdXt, 

( 0 . 3 ) dXfdXt = D*e^^Dkdt + Y,D*e^DkdMj{t) = D*&^Dkdh^^, 

j>i 


where G C are the structural coefficients defining the product of quantum- 
stochastic differentials dXt = DjdAl and dX^* = DjdA^ corresponding to the 
Hudson-Parthasarathy (HP) multiplication table 

diVdiV = diV, diVdA+ = dA+, dA_dN = dA_, dA_dA+ = dt 


(other combinations are equal to zero). It follows from this table that = 0 = 
for all i,j,k = 0,1,2,3 corresponding to the completely degenerate adjoint 

representation of dA^, with = 0 = Cq*, ^ .pj three 

Hermitian 3 x 3-matrices c** = [d^], 


■ 0 

0 

1 

c"-i 

5 ^2 — 0 

0 

0 

—i 


■ 0 

0 

0 ■ 

0 

0 

-t-i 

0 

0 

1 

) c** = 

0 

0 

0 

1 

—i 

0 

Z 

_ -fi 

1 

0 


0 

0 

1 


indexed by i, fc = 1, 2, 3, define the adjoint representations ci*, cV of the martingale 
differential algebra dA-^ = dMj, j = 1 , 2 ,3. 

It can be directly verified that the three-dimensional subspace a, of complex four- 
vectors a, = ( 0 ,a,), given by the rows a, = ( 01 , 0 : 2 , 0 : 3 ) G C^, is an associative #- 
algebra with respect to the complex conjugation at = (o*, 02 , 03 ) as an involution 
(not to be mixed up with Hermitian conjugation a* = [o*] defining the adjoint 

column to o.) and the composition o,/3, = a,ff/3t given by polarization of the 
Hermitian 3-vector-form 


o,#a. 


(ojCi 


ik , 


xik , 


xik , 


a;., aiC2 Qife, otiC^ a 


D- 








4 


V P BELAVKIN 


Moreover, since four fundamental differentials dA^ form an associative algebra, 

(a. I 13,1,) = I (3,) 

for any triple a,, G a, with respect to the semi-positive scalar product 

(a, I 7 .) = (ai + ia 2 ) (h + 172)* = 

Thanks to this property one can combine the composition and inner product in a, 
into a four-dimensional composition in the *-algebra a = C 0 a, = a, -I- Cdt of the 
quadruples a = (ao,a:,) with involution a* = ^ag,at^ and self-adjoint nilpotent 
element dt = (1,0*) = d^ with respect to the Hermitian sesquilinear composition 
a-ka = a,#a, + (a, \ a,) dt = a*k) 4 

defining the associative multiplication 
(0.4) a ■ b = ((a,, /?,), a./?,) = a-kb*. 

Here a, = a—I (a) dt is given be the linear functional I (a) = ao for a = {ao, a,) G a, 
and 

(a,, 6 .) := | = {a,,f3,) 

is a bilinear form defining the semiscalar product {a \ b) = {a*,b,) in a. We shall 
call this four-dimensional *-algebra the Hudson-Prthasarathy quantum ltd algebra 
(HP-algebra) b (k) of the ’’Hilbert” space k = C, or simply vacuum Ito algebra 
with respect to the ’’state” 1. Note that this a = b (C) has no identity but killing 
nilpotent element dt normalizing the linear functional I as I (dt) = 1 , which is 
positive with respect to the multiplication in the usual sense I {a* a) > 0 ,satisfying 
★-property I (a*) = I (a)*. One can easily see that Cdt is the ideal of a corresponding 
to adt = 0 = dta such that a, = {a G a : I (a) = 0} is identified with the factor- 
algebra a/Cdt- Moreover, the two-sided ideal 

i = {b G a : I (b) = I {a ■ b) = I {b ■ c) = I {a ■ b ■ c) = 0, Vo, c G a} , 

which, obviously doesn’t contain dt, is trivial in the vacuum algebra (a, 1 ): i = {0}. 

We take these all properties as the definition of an (abstract noncommutative) 
quantum ltd algebra (a, 1 ), and in this capacity we can consider any associative 
involutory algebra a = a, 0 Cdt by adding killing element dt to a ★-algebra a, 
equipped with a semi-positive scalar product such that i = {0}, taking to I (a) = uq. 
As for a, one can take any ★-algebra with semi-positive scalar product {a, | c,) = 
{a*,c,) given by a bilinear form satisfying {a,,b,c,) = {a,b,,c,) and factorize it 
with respect to the ideal 

i = {5 e a, : {a,,b,) = {b,,c,) = {a,,b,c,) = {a,b,,c,) = 0, Va, c G a,} 

if i {0}. In this general case one can also write {a,,b,) = [a ■ b)g = {a,b) and 
implement the ★-composition notation akb = a ■ b* which should be distinguished 
from the ^-composition 


a#6 := akb — I (akb) dt = (0, a,#/3,) 


with the values in a, representing the composition in the factor-algebra a/Cdt- 
Choosing a selfadjoint basis {cj = e* : j = 0, 1, ...} of (a, 1) in such a way that 
I (a) = ao if a = ’^ajej, one can describe every finite-dimensional ltd algebra as 
above by the Hermitian structure coefficients 


(0.5) 



nj km _ nkjm 


cf = 0 = cf, 
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defining a multiplication table dAJdAj = of basis quantum stochastic dif¬ 

ferentials with dA( = dt. 

Note that for the Abelian Ito algebras all structure matrices c** are real and 
symmetric with strictly positive-definite c”, as it is always so in the case of one¬ 
dimensional a, . For example, the standard Poisson calculus given by Ito multipli¬ 
cation rule 

dmtdmt = Adt -I- dmt 

for the compensated Poisson increments of the intensity A is associated with one¬ 
dimensional algebra a, ~ C of 

a, ~ a, a* ~ a^, a, * a, ~ \a\^ , {a, \ a,) = A |a|^ 

containing the unit 1 S a, such that dmt = can be identified with the real 
two-vector e = (0,1) in a == a, -I- Cdt and (dmt)^ with e * e = = (A, 1). The 

standard Wiener calculus 

dwtdwt = dt, dwtdt = dtdt = dtdwt = 0 

is also associated with one-dimensional but nilpotent algebra a, ~ C, a, * a, ^ 0 
without unit such that dwt = dw^ is identified with the element e = ( 0 , 1 ) = e* 
of second order nilpotent algebra a = a, -I- Cdt with respect to the multiplication 
= ( 1 , 0 ) = dt defined by the semi-scalar product (a | a) = |a|^ for a = (ao, ct)- 
It is well known m that the Poisson calculus, as well as the Wiener one, can 
be realized as a sub-calculus of the quantum stochastic calculus in the Fock space 
with respect to the vacuum state Ig putting, for example, 

w (t) = A_ (1) + m{t) = VXA- (t) + VXA'^ (t) + N (t). 

A natural question arises as to whether we can realize in this way any (non- 
commutative) calculus corresponding to an (abstract quantum) Ito algebra (a, 1) 
as defined above. To be more precise, the question concerns a non-commutative 
calculus of stochastic integrals with respect to operator representations of the pro¬ 
cesses At (a) = ajAf with given expectations E [At (a)] = aot, with independent 
increments dAt (a) = At+dt (a) — At (a), a G a, and realizing the multiplication 
table dAjdA^ = E,>ocfdA^ 

( 0 . 6 ) dAt (a) dAf (a*) = atcJ^a^dAt = dAt (a * a). 

We shall give a positive answer to this question, reducing it to the construction of 
canonical representations of infinitely divisible generating functions 

(0.7) ipt (b) = E [TTt ( 6 )] = exp {tl ( 6 )} , 

defined by vacuum expectation of adapted ‘exponential’ operators TTt ( 6 ) represent¬ 
ing in Fock space a ^-monoid b as a unitalization b = u + a oi Ito -A-algebra a with 
I trivially extended on the unit u = u* as I (u) = 0. These representations are 
constructed as solutions of quantum stochastic differential equations 

(0.8) d-Kt ( 6 ) = TTt (b) dAt (a), tq (5) = I 

with a = b — u G a such that b-kb = u + a + a* + a-ka. Note that one can always 
identify b with a by taking u = 0 such that b*b = a + a* + a*a = atta¬ 
in Chapter I we define such functions as solutions ipt {b) = exp{tZ ( 6 )} of the 
equation 


dipt {b) = ^t {b) I (b) dt, ifiQ (b) = 1 
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obtained by the averaging E of (EHl), taking into account the independence of the 
increments dA {t, a) and tt* (b), and that 1(h) = I (a). 

Application of the Ito formula 

d(7rt(6)7rt(6)*) = dTTj (&) dTr* (6)* + dvr* (6) tt* (&)* + tt* (6) dTr* (6)* 

= TTt ( 6 ) TTt ib)* dAt( a* + a • a* + a) = tt* (h) nt (b)* dAt (aita) 

gives the multiplication rule tt^ (b)* ttj (b) = nt {b*b). Hence we have positive def¬ 
initeness ^ Iff (aitc) AqA* > 0 and normalization (0) = 1 of defined on 
b = a as the monoid for each t with respect to this new *-semigroup composition 
★ and unit u = 0. This results from positivity E > 0 and normalization 

E [/] = 1 of the vacuum (and any) expectation on the operator algebra generated 
by linear combinations X = AbTr* (b). Any such function that is included into 
a continuous one-parameter semigroup : r € K+}, 

fr (a) <fs (a) = ‘Pr+s (a), Po («) = 1 

of generating functionals on Ito *-algebra a as the monoid b is called infinitely 
divisible law m 

In Chapter 2 we fulfil the Ito programme for quantum stochastic calculus in 
a dimension-free form, proving continuity of quantum stochastic integrals in Fock 
scales and constructing a noncommutative theory of multiple adapted and non- 
adapted quantum stochastic integrals which give solutions to linear quantum sto¬ 
chastic differential equations in the Wick form of time-ordered exponentials. We 
shall use the approach based upon explicit definition of these integrals in Fock rep¬ 
resentation, which allows to extend them to nonadapted operator-functions. We 
will also obtain a functional quantum Ito formula for a quantum stochastic ” curve” 
X with adapted, or even nonadapted operator values Xt G A, having noncommut¬ 
ing quantum stochastic increments D = {Dj) with values in the tensor product 
A =A (g) a of an operator algebra A with the Ito algebra a. For a ‘nice’ function / 
the adapted Ito formula with respect to a filtration generated by an initial 

algebra Aq and (A*)^^^ can be written for Dj G At in the Pseudo-Poisson form 
[T^ as 

(0.9) d/ {Xt) = if {Xt + T>t)-f (X,)), dAi 

Here X and D are canonical images X 0 O and O (B D oi Xt G At and D E 
At a = At in the formal sums X + D := X (B D as the elements of the algebra 
Bt = Alt 0 b = ylt © At equipped with the involution {X © D)^ = X* © D* and the 
product 

(0.10) (X + D) (X + D)^ = XX* © {XD* + DX* + D ■ D*), 

where XD* = (XZ?*), DX* = {D^X*) and D D* = {D,cfDl). Since / (X) = 
/ (X) © O, the whole problem is reduced to computing the operator function 
/(X + D) using the product in Bt. Thus, in the case / (X) = X™, where 

((X + D)”* - X™)^. = 

with D® = 0, and 

Note that in the nonstochastic case this new formula also gives an interesting 
difference form of the non-commutative chain rule d/ (Xt) = Btdt for a smooth 


QUANTUM CHAOTIC STATES AND STOCHASTIC INTEGRATION 


7 


curve Xt in an initial algebra with non-commuting derivative Dt € Ao- In this 
case the algebra a, is zero-dimensional, a = Cdt, and Aq = .do 0 dt is nilpotent 
algebra of first order, A ■ A* = 0, coinciding as the linear space with Aq such that 

(X + D)* (X -f- D) = X*X © {X*D + D*X). 

In particular, for any polynomial, / (X) = X™ say, one immediately obtains 

m 

dX™ = ((Xt + Dt)"* - X™) dt = Y^ 

n—1 

as a particular case of Here X = (X, 0), D = (0, D) and we took into account 
that 

m / m 

(X + D)™ = X”" + ^ X'"-’"DX"“^ = X"*, X'^-^DX'^-^ 

n—1 \ n—1 

since DX”D = 0 for dAj dAj = 0 corresponding to dA° = dt. 

In the nonadapted case the formula also remains valid, with Xt = Xt © 
VXt given by quantum stochastic derivatives VtXt = {xjtjXt) G A = ^ © a, 
the noncommutative analog of Malliavin derivative with respect to the canonical 
integrators At = (^^t ) ■ author’s knowledge, this general formula is not known 

even in the classical (commutative) case. 

The author expresses his gratitude to R.L. Hudson, Ya.G. Sinai, and A.S. Kholevo 
for discussion on the article and helpful remarks. 



Part 1. Infinitely divisible positive-definite functions and their 
representations 

1. Introduction 

In this paper we study two types of representations associated with a positive 
infinitely divisible state on an arbitrary *-semigroup b [HI with a unit u G b. The 
first, ‘differential’ type, is connected with an indefinite metric space representation 
of conditionally positive functions b ^ C in pseudo-Euclidean Minkowski space con¬ 
structed in d In the case when b is a group, this representation was obtained by 
simple generalization m of the Gelfand-Naimark-Segal (GNS) construction from 
positive definite to conditionally positive definite functions on b. However our main 
interest will be the case when b is obtained by a unitalization of a noncommutative 
Ito algebra a as a parametrizing algebra for the quantum stochastic differentials of 
a quantum Levy process as operator-valued processes with independent increments 
in a quite general noncommutative sense. 

In our construction the Hilbert space of the GNS representation is replaced by a 
pseudo-Hilbert (Minkowski) space which can be decomposed into a direct integral 
sum of a pre-Hilbert space and a one-dimensional complex space in accordance 
with the fact that the conditional positiveness has co-dimension one. In the 
first section we show that this representation can be realized by block-triangular 
matrices of the form 


■ 1 

b- 

/3 

, Bt = 

■ 1 

K 

P* 

0 

B 

K 

0 

B* 

b-* 

0 

0 

1 


0 

0 

1 


( 1 . 1 ) 


B = 
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with pseudo-Hermitian conjugation (feBt | fc) = (A; | fcB) defined by the indefinite 
scalar product 


(1.2) {k\k') = k*_k'^ + {ko\K) + k*+k'_, 

on the rows k = (k-,ko,k+), where k+ £ ^ k- and ko is a vector-row from 

a complex Euclidean space JC. The algebra of the triangular matrices A = B — I 
realizes the non-matrix multiplication table 


(1.3) 


\ a-* A* y ■ a+ A y V ) 


in terms of the 2x2 block-matrices (which are not matrices but tables) 


f “ 

a ' 

1 A* = i 

^ a* \ 

V a+ 


1 , ^ ( 

, a-* A* J 


defining the stochastic Ito differentials in the Hudson and Parthasarathy I2Si, EHl 
quantum calculus. Here a~ = b~, a+ = b+, A = B — I, a = P, with involution 
A1 = B1 — I defined in (11.111 by the usual Hermitian conjugation A* of the tables 
A in terms of A* = B* — I in JC, where I is the unit operator in 1C. 

This observation, which lays the foundation of a new formulation of quan¬ 

tum stochastic calculus, allows us to extend it to arbitrary algebras with infinitely 
divisible state (p. We mention two particular algebras of classical stochastic differ¬ 
entials in the case of one-dimensional JC = <C: 


(1) the Wiener case: A = 0, a = a?j_, a G C, 

(2) the Poisson case: A ^ 0, a~ = = 0 = a. 

If we consider A as the coefficient A° at the standard Poisson differential dn = 
dA°, a~ = a’^ as the coefficient A~ = Aj}_* at the Wiener standard differential 
dw = dA° -I- dA+, and a as the coefficient Ay at dt = dAl, then in both cases we 
obtain the realization of the classical Ito formula for stochastic differential da; = 
^OdA); = (A, dA) in the form 

d(x*a:) = x*(lx + Ax*x + da;*da; = (a;*A -|- A^a; -I- A^A, dA) 

of difference multiplication YlY — a;*a;I =x* A -\- At a; -I- At A of the triangular 
matrices Y = a;I -I- A, Yt = a;*I -I- At, where I is the unit 3x3 matrix and At A 
is defined by the multiplication table 

In the second section we construct a second ‘integral’ type of representation of 
an infinitely divisible chaotic state on b by means of exponential indefinite metric 
representation and we establish its relation with the calculus of Maassen-Meyer ker¬ 
nels ISHl, EHI, mi, which define chaotic distribution of quantum random variables 
and processes. 

The algebra of these kernels turns out to be isomorphic to the group algebra of 
the exponential representation of b in a pseudo-Fock space, and its Fock projection 
defines an associated infinitely divisible representation of b generating the corre¬ 
sponding quantum stochastic calculus in an appropriate Hilbert scale mi We note 
that this leads in a natural way to the Araki-Woods construction ^ associated 
with an infinitely divisible state in the case when b is a group. 

Finally, in the third section, we study the structure and consider examples of 
pseudo-Poisson chaotic states characterized by the linearity of conditionally positive 
functions I (6) = In / {b) on a *-algebra b. To this type belong the quantum Wiener 
states of Heisenberg commutation relations, as well as quantum Poisson states on 
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noncommutative C'*-algebras b, studied in m- Unitary representations connected 
with infinite divisibility of states and their applications to the quantum probability 
theory were studied in E3, E3, EHl, 031, ESI on groups and in on bi-algebras. 

2. Representations of conditionally positive functionals on 

★-SEMIGROUPS 

Let (X, 3^, be a measurable space X with a cr-algebra ^ and a positive cr-finite 
atomless measure p, : U 9 A >-★ /i^, = dx := d^(a;) , and let b be a semigroup 

with involution 

b 1 -^ b*, {a ■ cY = c* ■ a*, 

and with neutral element (unit) u = u*,u-b = b = b- u for any b G b. Typically b 
will be a unitalization of a noncommutative ltd *-algebra a, in which case 

a-c = a + c+ac=a»c 

if u is identified with zero, or simply write a • c = ac if a is realized as a ★-subalgebra 
of a unital algebra by taking u = 1. However in what follows one can take any group 
with u = 1 and b* = b~^ or any ★-submonoid of an operator algebra B, a unit ball 
of a unital C*-algebra say, or even a filter (i.e. a submonoid) of an idempotent, 
Boolean say, algebra IB with trivial involution b* = b. 

Denote m the monoid of integrable step-maps g : X ^ b, that is b-valued 
functions x ^ g{x) having finite images g{X) = {(/(a;) : x G X} C b, \g (X)| < oo 
and integrable co-images A( 6 ) = {x € X ■. g{x) = 6 } G 3^ in the sense /iA(b) < oo for 
all b G b except b = u. We define on m an inductive structure of a ★-monoid with 
pointwise defined operations g*{x) = g{xY, if'h){x) = f{x)-h{x) and unit e{x) = u 
for all a; G X, considering m as the union Uitia of subsemigroups ttia, ^a < oo of 
step measurable functions g : X ^ b having integrable supports 

A = suppg = {a; G X : g{x) Y ii}- 

It is convenient to describe the ★-monoid b by means of a single Hermitian 
operation a* c = a ■ c* satisfying the relations 

b-ku = b, u-k{u-*cb)=b VbGb 
defining at = u* as right unit for the composition ★, b* as at ★ b, and 

at ★ ((c ★ b) ★ a) = a ★ ((at ★ b) ★ c) 

corresponding to (a • c*)* = (a^c)* = c-ka = c-a* and associativity of the semigroup 
operation a ■ c. This allows one to define both the product and involution in a ★- 
monoid m by a single Hermitian binary operation f kh = g,g(x) = f{x)kh(x) with 
left unit e G m which recovers the involution by g*{x) = ek g and the associative 
product by f ■ h = f k {ek h) for all /, b G m. 

Following we say that a generating state functional over the monoid m, or 
briefly a state over m, is a mapping : m —> C satisfying the condition ip{e) = 1 
and positive definiteness 

( 2 - 1 ) E KfLp{f k h)K*y^ > 0, VNg G C : Isupp^l < oo, 

/,/iem 

where | • | denotes the cardinality of the set suppK = {g G m : Ng 7 ^ 0}. 

We introduce on m a partial operation /U h = f-hior any functions /, b G m with 
disjoint supports supp /flsupp b = 0 with respect to which the monoid m turns into 
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a ^-semiring in the sense of [^1 with zero 0 = e and = Llt/n {Ugn{x) = gm(x) for 
any in and x G suppt/rn, otherwise Ugn{x) = u). We call a state ip over m chaotic 
if 

( oo \ oo 

U = n 

n=l / n=l 

where ‘P{ 9 n) = limjv^oo 0^=1 ‘Pi 9 n) for any functions G m with pairwise 

disjoint supports: supp gn fl supp gm = ^ for all m. 

This condition is fulfilled for ip of the exponential form ip{g) = with 

(2.2) \{g) = J l{x,g)dx, l{x, g) = l:^{g{x)), 

which corresponds to absolute continuity (for all A G 5 ^ we have = 0 ^ Xa {b) = 
0 ) of the measure Aa(&) := (&a) for each 6 Gb, where 6 a( x) = 6 for all a: G A and 
6 a (a:) = u for a: ^ A. Here 6 a G m is an ‘elementary b-valued function’ called the 
6-indicator of the subset A C A if 6 m. In addition the function ip^ : b —> C 
given by 

( 2 . 3 ) <Pa(^) ^ 1 / ix{b)dx^ = v?(6a), 

defines an infinitely divisible state over the monoid b in the sense of the equality 
‘Pa (b) = n PAi (b) also in the limit of any integral decomposition A = S A^, . \ 
0, where PA-ib) 1 for any 6 Gb, and in the sense of positive definiteness of the 
functions p\{b) = forming a continuous Abelian semigroup 

{(^i:tGR+}, pl{b) = fi [pl-pl]{b) = pT^b) 

with respect to the pointwise multiplication of Necessary and sufficient condi¬ 
tions for the function 1221) corresponding to the infinitely divisible state 1221) are 
given by the following theorem, where we assume that X admits a net of decom¬ 
positions of the Vitali system in which \ 0 , a; G A, as A \ {a:}. 

Theorem 1 . In our notation the following conditions are equivalent: 

(i) For any set A G S’ of finite measure Pa < 0 ° ^be function Pa ■ b ^ p (6a) 
defined by a functional p : m <C on b-indicator 6a is a generating function 
of an infinitely divisible state over b, and for any 6Gb the limit 

( 2 . 4 ) l^{b) = lim —{pA{b) - 1 ) 

^ifa;} Pa 

exists almost everywhere in the Lebesgue-Vitali sense m ; in addition Pa = 
0 ^ PA{b) = 1 for all A G A, B G b. 

(ii) p{g) = exp{A(5)}, where X(g) = Aa (6) for g = bA is an absolutely con¬ 
tinuous complex measure o/ A G S, and for any integrable set A C A the 
function 6 Aa(6) is conditionally positive definite 

( 2 - 5 ) E KaXAia * c)k* > 0 , Vk : |suppK| < oo, ^ Kb = 0 , 

a,c€b 

where Aa(m) = 0 and Aa(6*) = Aa(6)* for any 6 Gb. 

(hi) There exists: 

1 ) an integral -k-functional X{g) := f fix, g) dx with eomplex density I : 
m ^ A^(A) such that fig)* = fig*) and whose values fix,g) = 0 for 
all g{x) = u and fix,bA) = lx(b) with x G A are independent of A; 
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2 ) a vector map k : (/ /®k(a;,g)da: to the subspace K C Kxdx of 

square integrable functions k : a; k(x) G K^, ||k||^ = J ||k(a;)||^dx < oo 
with respect to scalar products (k^^ | k^) = k*k^ in the pre-Hilbert spaces K^, 
with values k(x, 5 A) = ^x(b) G independent of A 5 x and k(a;, 6a) = 0 
if X ^ A such that k(x,g) = 0 if g(x) = u; the map k, together with the 
adjoint functions k*(x,g) = k(x,g*)* as the linear functionals k* (5) = 

k*(x, g)dx G K*, satisfies the condition 

( 2 . 6 ) k*{f)k{h)=X{f-h)-X{f)-X{h), V/,/iGm; 

3 ) a unital *-representation j : g 1-^ G := J® j{x, g)dx, j (g)* = j (g*) 

j{x,f)jix,h) =j{x,f-h), jix,g) =Ix^x-.g{x) =u 

of a -k-semiring m in the ^-algebra of decomposable operators G : K 9 
k 1-^ J® j{x,g)k{x)dx with j{x,bA) = jx{b) independent of A B x and 
j(x,bA) = Ix if X ^ A, which satisfy the cocycle property 

( 2 . 7 ) j{g)k{h) =k{g-h)-k{g), k* {f) j{g) = k* {f ■ g) - k* (g), 'if,g,hem 

and are continuous in K with respect to the poly-norm 

(2.8) ||k||'‘= ||j(a;,/i)k(a:)||2dT^ , h £ m. 

(iv) For almost all x £ X there exists a pseudo-Hilbert space a unital f- 
representation 

jx{o, ' 6) = Jxix^ 6)ja;(a^, 6), Jxix^ 6 ) = }x{x^ 1 Ja:(^) “ 

in the algebra of linear operators £(Ka;) = {L : K^; ^ : L^Ka;C K^}, 

where is pseudo-Hermitian conjugation (k' I Ltk) = (Lk' I k), k,k' G 
Kj:, and a vector ex £ K^; of zero pseudo-norm {ex \ ex) = 0 such that the 
function 

( 2 . 9 ) lx{b) = {ex I ix{b*)ex) = {ix{b)ex \ ex) 

is integrable for each b £ b on any A C X with < 00 and lx{b)dx = 
ln(p^{b). Moreover, each can he chosen in the complex Minkowski form 
Ka; = C 0 /C° 0 C = /Cj, with ex £ Ka; given as pseudo-adjoint ex = 
el, = e' to the row Bx = (1,0,0) = e. of the dual space Kj, = /C. of triples 
k. = {k-,ko, fc+) with the canonical pairing (fc.,/i )^ = fct/i'' = k.h' and an 
antilinear embedding k k^ of k = k' £ K-x into /C. such that k^ = k^, £ 
C, k° = kl £ /C°, defining the Minkowski scalar product 

(2.10) (k I k), := k*_k+ + (k I k), 0 klk. = (kt, k) 

on in terms of the Euclidean scalar product kok° = (k | k)^ for ko = k* 
and k° = k £ XI. The representation ja, is chosen then in the triangular 
form 



'1 

Jo {x, b) 

J+ {x, b) 


'1 

f+ib)* 

j+m 

[x, b) = 

0 

0 0 

jl{x,b) 

, j:{x,b*) = 

0 

foib)* 

Joib)* 


0 

0 

1 


0 

0 

1 
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defining its dual action jx {b*)^ on 1 C. as right multiplication by this operator- 
matrix j. (x, b): 

j(6) : {k_,ka,k+)^ (fc_, k-jfi{b) + koj°{b), k_j~{b) + fcoj+(6) + k+) = k.j.{b). 

The Hermitian conjugation L’^ = gL*g of the block-matrix operators L = 
[L^] with respect to the indefinite form 12.1 OH is given by the metric ten¬ 
sor g = corresponding to the inversion —(—,o,-l-) = o,—) of the 

ordered set {— < o < -|-} of the indices p,v = —, o, - 1 -. 

Proof. We first establish the simple implications (iv) (iii) (ii) (i), and then 
we prove (i) (iv) constructing, similarly to the Gelfand-Naimark-Segal construc¬ 
tion, a concrete pseudo-Euclidean representation of the logarithmic derivative of 
the generating functional (p^ of infinitely divisible state over b with respect to Aa- 
(iv) ^ (iii). If Ga; = (l,e, e)^ = e^, is a zero pseudo-norm vector-column with 
the components ef = £* G C, e° = e* G IC° and e+ = 1 such that ||ea;||^ = 2 Reea;, 
defining (E 3 in the triangular matrix representation as Ixib) = e^j'fix, b)ex, where 
ef_ = 1 , ef = ex,e^ = £x, then we can take X{g) = f I (x, g) dx, where I (x, g) = 
lx (g (x)) has obviously properties 

I {x, g*) = e^j: (x, g)'^ex =l{x,g)* , 

and fix, b^) = e^j'fix, b)ex does not depend on A if x G A, otherwise 

I (cc, 6 a) = e'^j'fix,u)ex = e'^Cx = ||e 3 ;||^ - 2Reea; = 0. 

We denote by Kx the completion of the pre-Hilbert space /C° by the Cauchy 
‘kets’ k with respect to the poly-norm 

l|k|i-={||k||^ = ||j:(x,c)k||,cGb} 

as fundamental sequences {fc°} in JC° which do not have limits in /C° simultaneously 
with respect to all seminorms ||/c°||°, c G b. For any 5 G m we denote by k (g) the 
vector function 

k(a;,g) = {jl{x,g) - l)e° -b j° (x.g) = j°{x,g)e^ - e° 

with values k(a:,g) G K^,, with the adjoint ‘bras’ k*{x,g) = ef^jo{x,g*) G K*, where 
= ef. and for short we use the notation j'f {x,g) = jjj {x,g{x)). This function 
is square integrable since 

k {9)* k[g) = \ {g* ■ g)- X{g)- X (g*) = ||k {g)f < 00 
due to the condition mi) which is verified straightforward, 

k* (/)k(/i) = J (e^j^ix, f) - ef,){j°{x,h)ef - e°x)dx 

= j {lle^llx+ e;; [jA(/)j^(^)- J+(/)j^(^)] {x)e'j 
-e^[j.^(/K-£(/)e--J^(/)] (x) 

- [duj'iib) - e-jfi{h) - e+jfiih)] (a;)e^)}da; 

= J Kfuix, f ■ h)ex - e^jifix, h)ex - e^jffix, /)e^]da: 

= X{f-h)-X{f)-Xih) 
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for any /,/i € m, where e^jl^{x,g)e'^ = l{x,g), fl(x,g)dx < oo, and we have 
employed the condition = 0. 

Let the subspace K C be chosen as also the completion of the linear hull 

of square-integrable functions {k {g) '■ g G m} with respect to all seminorms ||k||^ = 
{J\\j{x,h)k{x)\\ldxy/‘^, h S m given by operator-functions j {x, h) = j°{x, h). For 
any g G m we denote by G = f^j(x,g)dx a linear decomposable operator in 
K = J® Kxdx with G* defined pointwise as 

(G*k)(a;) = j°{x,g{x)*)k{x) = G{x)*k{x), k G K. 

This dehnition is correct since for almost all a; G X and all f,h G m we have 
j{h ■ f) = j(h)j(f) pointwise, and any sequence of functions {k„}, k„(a;) G K^, 
fundamental with respect to all seminorms || ■ ||^ is mapped by the operator j(g) into 
a sequence {k®}, k-^(x) = j{x, g)kn{x) G with the same fundamental property: 

l|k^ - k® r = \\jig)jih)ikm - k„)|| = ||k„ - 0. 

This yields a decomposable non-degenerate representation Gk = J® G(a:)k(T)dx of 
the *-semiring m in the poly-Hilbert space K: 

e^I = j{e), f^h^FH*, F = j{f), H = j{h). 

This representation is closed in the sense of the completeness of K with respect to 
simultaneous convergence in all seminorms ||k||^ = ||-Hk||, h G m (which is equiva¬ 
lent to the convergence in the Hilbert norm ||k|| only in the case when the operator 
function G{x) = j{x,g) is essentially bounded for every G m, in which case 
K = J K^dx is called Hilbert integral). The map m 9 5 i—> k (g) we have con¬ 
structed, as well as k*, is an additive cocycle in the sense since the derivation 
property 

k{g-h)=j;ig-h)e>^-e° = jl{g)f^{h)e'^-e° 

= jl{9)j°Ah)e'' + j°+{g) - e° = j{g)k{h) +k{g) 

with respect to the representation j{g)k{h) = j°{g)k{h) of the monoid in K and 
the trivial representation l(/i) = 1 of m in C. 

(iii) (ii). It is obvious that the absolutely continuous measure Aa(&) = 
f^l(x,b)dx defined by the functional \(g) = J e^jj^{x, g)ef,dx satisfies the con¬ 
ditions Aa(&*) = Aa(&)* and Aa('w) = 0, since the functional l{x,b) satisfies these 
conditions almost everywhere on X. The conditional positivity follows from 
the positive definiteness [k (/)* k (h)] > 0 of the scalar product k*k' = (k | k') which 
guarantees the conditional positivity of the form A (g): 

nf{f*h)Kl= ^/(A(/*h) + A(/) + A(h ))4 

f,hGm f,h^m 

f,h£m /€m h£m /€m h^m 

= ^/(k(/*) |k(h*))«:;, > 0 

f,h^m 

for any function k = with finite support and satisfying X) = 0- 


?■ * 
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(ii) ^ (i). If the function Aa(&) is a (complex) absolutely continuous measure, 
then = exp{AA(&)} has the property V^ua,(&) = n‘/^Ai(^) of infinite divisi¬ 

bility. Moreover the limit itnil exists, and by virtue of ip/^ib) ^ 1 as A J, {x} it 
coincides with the Radon-Nikodym derivative lx{b) = dlni^(6)/dx as the limit of 
the quotient Aa {b) /over a net of subsets A 9 x of the system of Vitali decom¬ 
positions of the measurable space X. For any integrable A the function b V^a(^) 
is positive in the sense of inj. Indeed, for any complex function b Kb with finite 
support we have due to H 2 . 5 II 

Kai^Aia * c) - AA(a) - Aa(c*))/v* = Ka(k* (oa) k (cX))k* > 0 

a,cGb 

since (k* (oa) k (c^)) = I^a.ceb * c)k°* with k^ = Kb, b ^ u, and k° = 

K^ — is a positive-definite kernel in a and c as J 2 beb ~ have 

taken into account the fact that Aa(u) = 0 . Since the exponent of any positive- 
definite kernel is a positive definite kernel, we have for any A 

K* exp{AA(a*c)}Kc = k" exp{(k* (oa) k (c^))}k^ > 0 , 

a,cGb a,c^b 

where = kj, exp{AA(&)} and we have taken into account ( 12.611 and Aa(&*) = 
Aa(6)*. 

(i) => (iv). Since is an infinitely divisible state on b and p^{b) —>■ 1 for all 
b as /i^ ^ 0, the limit lx{b) is defined as the logarithmic derivative lni^j,,,(6) 
of the measure Aa(&) = ln(/ 9 A(f') the Radon-Nikodym sense. Consequently, the 
function x i—> lx(b) is integrable and almost everywhere satisfies the conditions 
lx{a-k c)* = lx(c-k a), Za;(M) = 0 and 

^ ^ b^b — 0 I ^ ^ bia^x(,bl k C^K^ ^ 0 

b£fa a,c6ti 

for all K such that |supp/c| < oo, which can easily be verified directly for the 
difference derivative /a(&) = {^a{^) ~ 1)//^A next we can pass to the limit 
A [ {x}. In addition lx(b)dx = ln(/3^(6) by absolute continuity. 

We consider the space 05 of complex functions k = on b with finite 

supports {6 € b : Kf, ^ 0} as a unital *-algebra with respect to the product k' • k 
defined as k' * k* by the Hermitian convolution 

{k' k K)b — SukK = K* , Kk6u=K. 

a-kc—b 

with right identity Su- Here = i^a,b)b^b Kronecker delta and it defines a 

★-representation 

a £★ ( 5 a of the monoid b in 05 , 

^ be — ba-kc, bu k Sb — bb, bb k Su — bb* , 

with respect to the involution k* = {Kb*)beb- linear subspace 21 C 05 of 

distributions k such that the sum k_ := J 2 bGb ^faoquals zero, is a *-ideal since 

(«' *i^)b=Yi y] <=0, 

bGb a*c—b aGb c^b 

Let us equip 05 for every x G X with the Hermitian form {k' \ k)x of the 
kernel lx (a ★ c) which is positive on 21 and can be written in terms of the kernel 
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= lx{a-kc) - lx{a) - lx{c*) as 

{k' I k)x = k'_k*j_ + {k', k*)° + k'_^_k*_, 

where k+ := Kb^x {&)■ We notice that the Hermitian form 

W*\^X ■■= E <{Sa,6XK*^W,nrx 

a.cGb 

is non-negative if «;_ = 0 or k'_ = 0 as {k, k *)° = 'Y^Ka {Sa, S*)^. k* > 0, coinciding 
with (k' I k)x. Since (k' | k)x = form (k' | k)x has right 

associativity property 

(k' • K I k)x = {k' \ K-k k)x; = {k' \ K - K*)x, 

for all At, k' G 18, and therefore its kernel 9^x = {k '■ {k' \ k)x = 0 Vk'} is the right 
ideal 

mx = W : {k' ■ k \ k)x = 0, Vk e *8} 

belonging to 21. We factorize 18 by this right putting At « 0 if k G 18* := 
{At* : At G 18a;} and denoting the equivalence classes of the left factor-space K.^ = 
18/18* as the ket-vectors |At) = {n' : k' — k* G 18*}. The condition At G 18a; means 
in particular that k~ := {Su \ k)x = 0, and therefore 

(At I At)a; = E l^a{5a,5l)xl^*c = («“ | H°)x = 0, 
a,c€b 

where At° = (At^)j,gj, denotes an element of 2t obtained as At^ = At/ for all b ^ u and 
= ^u~ SbGi) X I '^°)x ~ Xx- Therefore it follows also that 

At"*" := X] zero for any At G 18a; since 

0 = (At' I k)x = At'_At/_ -f (At', At*)° -f k'j^K*_ = K*_ = 

for any At' G 18 with At()_ = 1 by virtue of At/_ = At“ = 0 and also due to the Schwartz 
inequality (At' | At) = {k',k*)° = 0. This allows us to represent the left equivalence 
classes |At)a; by the columns k' = [k^] with k^ = and k° = |At°) in the Euclidean 
component /C° C IC'x as the subspace of the left equivalence classes |At°) = |Ato) 
of the elements Kq = {i^b — ^u,b>^-)b£b ^ ^ such that At/ = k°. These columns 
are pseudo-adjoint to the rows k. = (k-,ko,k+) as the right equivalence classes 
(At := |At)^ G 18/18a; with k± = At± and ko = (Ato defining the indefinite product 
(lOHl in terms of the canonical pairing 

k.k' = k-k~ + {ko, k°) + kj^k'^ = {k' \ fc.^) , 

where k° = k* G IC°, k^ = k^ G C with respect to the Euclidean scalar product 
{ko,k°) = {k* I k°) of the Euclidean space /C° = {k° = |At°) : Ato G 2t}, and 

K*+^'^lx{h*)K^ = K~, K*_ = '^kI = K+. 
beb beb 

We notice that the representation S. : b B b Sb is Hermitian: 

{k- 6b\ k) = E • (5b * At)b = (At I At • (5b*)> 

bGb 

and that it is well defined as right representation on 18/18a; (or left representation 
on 18/18},) since At • (5b G 18 if At G 18^;: 

(At I At) = 0, VAt G 18 (At • (56 I At) = (At I At * ^b) = 0, VAt G 18. 
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This allows us to define for each 6 G b an operator {k j(6) = {k ■ Sb such that 
j(6*) = j(6)^ with the componentwise action 

(k • Sb)- = K-, {k ■ db)o = K-{db - Su) + Ko ■ Sb, 

{k ■ Sb)+ = K-l{b) + (Ko I Sb* - Su) + K+, 

given as the right multiplications k feB, k feBl of the triangular matrices 


B = 

1 jo {b) 

0 j°o(b) 

1 

^j:(b),j:(b*) = 

■ 1 

0 

fUb)* J+ib)* ■ 
jo{b)* J7(b)* 


0 0 

1 


0 

0 1 


by the rows k = (fc_,fco,fc+) G 1C. (or as the left multiplications Bk, B tk by 
columns k G IC'^)- Here 

j+{x,b) = lx{b), {Koj°{x,b) = (ko • Sb = {koJx {b), 

jlix,b^) = Sl)x,=kAb^)=klib)* = {Sl\* =j:{x,b)*, 
where Sl)x = \Sb — Su) and = B'C*^ is pseudo-Euclidean conjugation of the 

triangular matrix B = corresponding to the map fc i—s- fct into the adjoint 
columns k = [k'^] with the components = k*_^ given by the pseudo-metric 
tensor g'"'" = St^ = 9^iu- 


'bz 

1 o 

bf 

t 

0 

0 

1' 


'bZ 

1 o 

o- 
+ 1 

_1 

* 

0 

0 

1' 


6+* 

b%* 

1 - 

* 

1 + 

0 

b° 

bl 

= 

0 

I 

0 


0 

o o 

bl 


0 

I 

0 

= 

0 

bT 

bz* 

0 

0 

bt 


1 

0 

0 


0 

0 



1 

0 

0 


0 

0 

* 

1 O 


Thus we can write the constructed canonical f-representation j(6) = of the 

monoid b in the pseudo-Euclidean space = K.'^ of columns k = [k^] in terms of 
the usual matrix multiplication 


1 

k*(a) 

1(a) 

'1 

k*(c) 

1(c) 

0 

j(a) 

k(a) 

0 

j(c) 

k(c) 

0 

0 

1 

0 

0 

1 


1 k*(c) -I- k*(a)j(c), l{c) + k*(a)k(c) -I- l{a) 

= 0 jia)j{c), j(a)k(c)-tk(a) 

0 0 1 _ 

This realizes a conditionally positive function 1(b) as the value of the vector form 
(E3 on the column e = as adjoint to row e = (1,0,0) of zero pseudonorm 

e^e = = 0 for each x as 

e^j(6)e = e^j))(6)e‘^ = j+(6) = 1(b). 

The proof is complete. | 

Remark 1. Any indefinite-metric representation (£',j'.,c) of a conditionally pos¬ 
itive function I, written in the form 1(b) = efxj(^(h)e'' with respect to a triangular 
-k-representation j] = [jf;] ofb in a pseudo-Hilbert space £' = C0£°0C with (12.1011 
and a zero-vector e' = (e_,eo,e+)^ normalized as e_ = 1, ||eo|| = —2Ree+ can be 
reduced to the canonical form (K,j,e) corresponding to 

u = i, f+ = k, j7 = k\ j:=j 

with respect to the vector e = (1,0,0)^ by a triangular pseudo-isometry S : K ^ . 

In particular, if (£' ,j'.,e') is a minimal closed representation in the sense that the 






















QUANTUM CHAOTIC STATES AND STOCHASTIC INTEGRATION 


17 


vector e is cyclic such that £° is minimal poly-Hilbert space generated by the action 
on e of the linear hull of operators j° (b), then it is equivalent to the closed canonical 
representation onK = C0K0C with the constructed minimal K,' = K. 


Indeed, taking an arbitrary isometry U : /C° ^ of a minimal space K.° we can 
define the pseudo-isometry S in the form 


X 

CoU, 


, S^s = 1, = 

'1, 

G-0 1 

e+ 

0, 

-u, 

X 

0, 

-u\ 

U*el 

0 , 

0, 

1 


0, 

0, 

1 


converting the matrix j.'(5) and the column e € £' into the canonical form 



'l 

k*(6) 

m 

= s^j:(6)s, 


o' 


0 

j{b) 

k(6) 

e = 

0 


0 

0 

1 



1 


since e.S'. = Sr + eoS° 0 e+S'r*' = (1,0,0) if Sr = (l,eol7, e+), S° = (0, —?7, e*), 
5'+ = ( 0 , 0 , 1) for e. = ( 1 , Co, e+) with Coe* = (co | Co) = e+ 0 corresponding to 
l{u) = (e. I e.) = 0. If the Euclidean space £° is minimal containing {j°{b)e' :6Gb} 
(or minimal closed with respect to the seminorms ||A:o||° = \\kojo{c)\\,c G b) then, 
defining the operator U by the isometricity condition 

e j:{b)S'^ = (co - e.j'^{b))U = k(6)*, 

(co - e.j„(a) I Co - e.j(,(c)) = k(a)*k(c), 

we obtain a pseudo-unitary equivalence of the (closed) representation (£',j;,e ) 
and the (closed) canonical representation (K,j,e) constructed in the proof of the 
implication (i) => (iv) of Theorem ^ 


3. The Fock and pseudo-Fock representation of infinitely divisible 

STATES 

We shall now describe an exponential indefinite-metric representation of the 
*-monoid m associated with the conditionally positive-definite functional A {g) = 
f lx{g{x))dx and its connection with the generalized Araki-Woods construction ^ 
corresponding to the chaotic infinitely divisible state (p{g) = e^^^\ Unlike the Fock 
representation of the Araki-Woods construction, the exponential representation, 
which we will construct in a pseudo-Fock space, has the property of decomposability 
in finite tensor representations, which can be used m to construct explicit solutions 
of quantum stochastic equations even in the case of non-adapted locally integrable 
generators. 

We call pre-Fock space !F° over a pre-Hilbert space /C° the linear hull {f = 
EAiexp{ki} : Ai G C,ki G IC°} of exponential vectors exp{k} := 0))Lo;n^*" 
direct weighted sums of finite tensor powers of vectors k G /C°, with k®° = 1 and 
k®^ = k such that 

00 -| 

(exp {kj I exp {k}) = ^ — (k | k')" = e('^l'"). 

n\ 

n—O 

This positive-definite exponential kernel describes the scalar product 


(f I f') = S„ A* (exp{k} I exp{k'}) Xj 
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in iF°, and the usual Fock space is defined as a completion of T° with respect 
to the norm ||f|| = (f | Below as such /C° we will take the poly-Hilbert 

space K = J K^Ax associated with the constructed canonical representation of a 
conditionally positive functional A on the *-monoid m of simple functions g X ^ h, 
denoting by K* C /Co the dual subspace of those functionals ko G /Co which are 
represented as kok= (k | k) = k*/c on fcG K (such ko = k* are continuous with 
respect to all seminorms of K). 

Thanks to the fact that the measure dx is atomless, the space 
with C K®" consisting of only symmetric tensor-functions f^"^ : X" ^ K®", 
can be identified with the space r(K) = 0((Torn(K) of square-integrable functions 
f (w) with arbitrary tensor values f(w) G K® (w) in full tensor products K® (w) = 
of the component spaces K^, with the indexing sets ui : \ui\ = n < oo taken 
as any finite subsets ui C X, |w| = n < oo. The integrability of such tensor-valued 
functions f(w), defined on the space ft = of finite subsets ui C X 

including empty subset uj = ^ with K® (0) = C is understood with respect to the 
Lebesgue measure dui = IlicGuj with d0 = 1, and the isometry of the components 
and /® K® (w) dw is given by the symmetric extension (a;i,..., Xn) = 
/ ({a;i,..., Xn}) defining almost everywhere on JC" with respect to dxi • • • dx„ 
such that 

f ■■■ [ ||f^”)(a;i,...,a;„)||^dxi---da;„ = n! f ||f(w„)|pdw„. 

JX JX JQn 

Denoting the series In '^‘^n of integrals over the n-point subsets = 

{xi, ..., Xn} C X as the single integral on Q. with respect to the measure dw = X 
duJn, the scalar product in r(K) = K® (w) dw can be written as the single 
Lebesgue integral on Q, 


(f I f) ^ f (f(wri) I f(Wri)) duJn = [ (f(w) | f(w)) dw 
n=0'^O„ -/n 


called the multiple Lebesgue integral on X. Obviously the symmetric extension 
from O onto XJJ^o of tensor-product functions /(w) = 0a;gijk(a;) = 

k® (uj) defines almost everywhere the generating exponential functions exp{k}, and 

(k® I k'®) (k I k') = J (k(:r)|k'(a;))^dx. 


since ||k®(u;)||2du;„ = ^ ||k(a;)f dx) due to ||k®(a;)||2 = Uxeoo l|kWllx- 

In future we will refer to the Hilbert integral K® (w) dw as to the Fock space, 
denoting the exponential domain in it by F (K) 9 k®. 

We define decomposable operators j(g)'^ = 0(Xoi(5)®” on F(K) by a unital 
^-representation j : m ^ >C(K) on K associated with the conditionally positive 
function A(g) by means of the linear continuation j(g)'^f = SAij(( 7 )®kf of the 
tensor-product operators j(g)'^k'^ = (j(< 7 )k)®. Obviously the correspondence g ^ 
j {g)® is, like j itself, a unital *-representation 

f{f-h)=fU)j^{h), j®(e)=/® yf,g,hGm 

on the pre-Hilbert space F (K). In general the operators j{g)'^ are unbounded and 
cannot be extended onto the complete Fock space over K (if only *-monoid is not 
a group with g* = g~^), however we can extend them to a closed ^-representation 
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( 5 ) = j(5)® on the completion F of the pre-Hilbert space r(K) by fundamental 
sequences f„ G F (K) converging in F with respect to all seminorms 

= (y l|j®(w,/i)f(t^)fdtj) , hem. 

Note that the operators j® (g) belong to the operator algebra £(F) of all linear 
continuous, together with their adjoints, operators F ^ F due to ||j®(5)f||^ = 
||f||®'^, and in the case if they all are bounded, F is usual Fock space and £ (F) = 
S(F). All linear functionals /o S !Fo of the form /o =f* e F* are also continuous 
on F since /of = (f | f) converges for any sequence converging in all seminorms ||f||^, 
hem. 

Unfortunately, the representation j® describes a dilation of an infinitely divisible 
state (fi as a vector representation on F in the sense of the existence of an f G F 
such that (p{g) = (f | j^{g)i) for all g G m only under special ‘vector’ choice A (g) = 
(k I (j(g) — /)k) of the logarithmic function A (g) = \nip{g). If such a vector k G K 
exists, then one can obviously take f = exp{— (k | k)}k®: 

(f I = exp{- (k I k)} (k® I j®(g)k®> = exp{(k | (j(g) - /)k)}. 

Exploiting a similar exponential construction not for the pre-Hilbert K but for 
a pseudo-Hilbert extension K of the complex Euclidean space K, we can obtain 
a pseudo-Fock vector representation also for a general conditionally positive form 

^(5)- 

For we consider a vector-function space K = L^(Ar) 0 K 0 L°°{X) of the triples 
k = 0 fc° 0 fc+, where fc° G K are square integrable vector-functions k°{x) G 

from the poly-Hilbert space K = {||A:°||^ < 00 : h e m}, with k~ G L^{X) and 
k+ g L°°{X) taken as respectively absolutely integrable and essentially bounded 
complex functions: 

||A:“||i = J |fc“(a;)|da; < 00, ||A:'''||oo = esssup |fc'''(a:)| < 00. 

We equip this complex poly-Banach space with a pseudo-Hilbert scalar product 

(3.1) (k I k) = (fc- I fc+) 0 {k° I k°) + (fc+ I fc-> = (fc^, , 

where k*_,^{x) = k^{x) such that {kf_i,k^) = f kf_i(x)k^(x)dx is the integral product 
corresponding to (OUll for the column-function k = = k' adjoint to k. (x) = 

(k-, ko, k+) (x) with the column k(x) = (x)] such that kt = fc+, k* = k°,k^ = 

k~(x). Note that the products of the components and k^ with the same g. = 
— ,0,0 are absolutely integrable for each g, and thus all three integrals in 13.11 
converge making K a generalized Krein space. 

We define in K a closed decomposable ^-representation (j(g)/c)(x) = j{x,g)k{x) 
of b-valued functions g{x) by triangular-operator functions j(x, g) = [jj^{x, g(x))] of 


the canonical form 

such that 

1, 

k(x,g)*. 

l{x,g*) 



(3.2) j 

{x,g*) = 

0, 

j{x,g)*, 

k{x,g*) 

II 




0, 

0, 

1 











where the functions l{g) G L^{X), k(g) G K, j{g) : K ^ K have been described in 
Theorem ^ 
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The operators j(g) are continuous on the whole of K, together with the adjoint 
operators with respect to the Hermitian form Hd.lll by virtue of the inequalities 

ii(j(ff)f)-|ii < iiriii + iik(ff)ii • iir II + iik5)IIiII/+iIoo < oo, 

||(j(g)k)“r < lirr-'* + Ilk(g)r . He+IU, ||(j(ff)k)+||oo = II/+II 00 

for any f G K, and satisfy conditions (IT^ . (I?7ll in the form 

j(5*) = j(5)^ j(/• M = j(/)j(^): j(e) = I, V/, 5 ,hGm, 
where I = [5^\ is the unit operator in K. 

We consider the space r(IK) generated by ‘exponential’ vectors k® = 
with a non-degenerate pseudo-Hilbert scalar product that extends to r(K) the 
Hermitian form 

(3.3) (k® I k®) = exp jy fc^(x)fc^(x)dx| = 

Owing to the defining algebraic property 

T{L^(X) 0 K 0 L°°{X)) = T{L^{X)) 0 r(K) 0 T{L^{X)) 

of the exponential functor T, we shall write this scalar product as the triple integral 
over O, 

(h I h) = JJJ h{uj~,u;°,uj°,uj^)dui~du;°duj^ = {h,h), 

representing h G T (K) by the ket-function h = [h(aj“, a;°, w’*')], uj^ G H, and h =h^ 
by the pseudo-adjoint bra-function /i(a;_,a;o,w+) =/i(a;+,Wo,w_)* with values in 
K® (wo) such that h'^ ,u;°=h{u!~^, u;°,U!~) G K®(w°). The exponential 

correspondence fc® h{uj.) for each k. = (fc_, fco, fc_|_) with ko G K* is given by 

k'^{uj-,uJo,uj+) = k'^{uj-)kf{uJo)kf{uj+), kf{uj) = <^xGLjko{x), 

with fc®(w) simply described as product functions Yixeuj ^t(^) such that indeed 

(fc®, fc.'l'®) = exp {(fc_, fc“) 0 (fco, fc°) 0 (fc+, fc+)} = 


The Banach space T. of such tensor-functions h with respect to the 

norm 


|h|| = J duj dw°esssup||h(a; 


1/2 


< 00, 


equipped with the indefinite scalar product lE31), will be called a pseudo-Fock 
space. It can be easily verified that T. contains the exponential vector h = k® 
if and only if ||fc-||oo — 1; which case ||fc®|| = exp{||fc+||^ 0 ||fco|| 2 }- The set 
/C)_ = {fc. G /C. : ||fc_||^ < 1}, where = K, contains the canonical vector e® 
given by the constant vector-function e.(x) = (1,0,0), and it is invariant under 
the action fc. 1-^ fc.j (g) of m since (fc.j {g))_ = fc- for any g G m. Therefore 
the completion of the linear space T (/Cll_) with respect to the Banach poly-norm 
||Ii||^ = {||ft.j® (/) II : / G m} is a dense subspace of F' which will be denoted by 
F*, with F for Ft = : h G F*|. (F* coincides with F. if all j {g) are bounded). 

The canonical exponential vector is obviously state vector for the infinitely di¬ 
visible state 0 ( 3 ) which is represented as 


0(5) = (e®j®(5) I e®) = exp{(ej( 5 ) | e) = e^^®^ 
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What is more, as the next theorem shows, the representation j®, compressed to the 
Fock subspace F C F by means of a pseudo-conditional expectation 

e[j®(5)] := J^f{g)J^^{g), 

remains multiplicative, with J^e® = Ig defined as the vacuum state the unital *- 
representation tt associated with ^p{g) = exp A ( 5 ). Here (Jg = 1 for w = 0, Jg = 0 
for w ^ 0, and 

(3.4) (Jh)(i^-,a;°,o2+) = l0(u;-)h(ia°), h G F, 

is a pseudo-isometry F ^ F, (Jh | Jh) = (h | h) for all h G F. 

To obtain this result we note that any decomposable operator K = 10G0G®^0 
... in r(IK), obtained by exponentiation G® of the triangular operator G = j(g), 
can be written in the form 

(3.5) [Kh](ai“, 01 °, 0 ;“'') = iF(aj)h(o;I,oi“ U oj°,a;^ U 0 ;^ U oiljl), 

where uj = Uoi^ denotes direct sum of pairwise disjoint uj^ defining a decomposition 
uj. = {uj^) of 01 . Here is a function of the table lj = of four subsets 

oj(l G H with values in linear continuous operators 

K : K®(oi-) 0 K®(oi°) ^ K®(oi:) 0 K®(oi^), 

(3.6) i^(a;) = Z®(oi;,ff)k®(oi;,g)j®(o;°,g)k*®(a;y,g), k*( 5 ) = k( 5 *)*, 

where K®(a;) = K^, 

l^{u;)=l[l{x), k®(oi) = (g)k(cr), k*®(oi) = (g) k*(:r), j®(oi) = (g)j'(x). 

xGuj x^ij xGuj xGuj 

Theorem 2. Let K = 00^0 K(") be a decomposable operator in the pseudo-Fock 
space F defined in (13.511 by a linear combination of the kernels of the form (1^ . 
Then the operators e(K) = jfK J, defined by pseudo-projection jf : F —> F, 

(3.7) (jfh))^) = J h(oj“,oj, 0)doj“, h G F, 

as the adjoint to can be extended to a continuous operator 

(3.8) [e(K)h](o;) = ^ J K{uj\v, V, 'do)h(u U 'dojd'do, 

vGuj 


Q ('d 'do\ 

where K{'d°,v,ijo) = f K ^ defined on the completion F of the pre- 

Hilbert space r(K) with respect to the family of the seminorms ||h||-f = ||7r(/)h||, 
/ G m. The map e : K i-^- e(K) defines a Foek *-representation e(AKf + A*K) = 
Ae(K)*0A*e(K), 


e(KKt) = e(K)e(K)*, e(I®) = 7® 
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of a decomposable ^-algebra of operators K with respect to the involution K*{uj) = 
Kiu}')*, where = (wl^, and the associative product [K ■ K*]{(jo) = 


(3.9) 


ficiu <^4. Ut_|_ — 






K 




\'7+: 


\'^+> ‘^o\Vo\ 

‘^oU^+J 


It induces the involution K*{d°^ v, do) = Kido, v, d°)* and [K ■ K*](d°,v^ do) = 

= f K{d° \v° ,v U v° ,Vo U d)K*{d U v° ,v U Vo,do\ Vo)d.d 

UoCi?o v°c-i)° 


for the kernels K{d°, v,do), and defines a factor algebra of the ^-algebra of operators 
K with respect to the zero -ideal {K : e(KK^) = 0}. The compression tt = eo j® 
of the *-representation e to the operators K of the form (ESI) defined by the action 


(3.10) [ 7 r(g)k®](a;) = exp<^ / {l{x,g) -\-k*{x,g)k{x,g)dx\ {k{g) -\- j{g)k)^{u), 


of the kernels K{uj°,v,uJo) = exp{A (g)}k®(a;°, g)j®(tt’, g)k*® (wo, g) on k®(a;) = 
( 8 )a;g(^k(a;) yields the unital *-representation tt : m ^ >C(K): 

7r(e) = /®, Tr{g*) = TT{g)*, 7r(/ • h) = Tr{f)Tr{h) 


for all f,g,h& m, and is associated with the infinitely divisible state </? : m —> C in 
the sense that (p{g) = (I 0 | 71 ( 3 ) 10 ), where I 0 = k® for k = 0 . 


Proof. The operator ESI) is a pseudo-isometry: 


(Jh I Jh) = J {Jh){uj .,uj'^){Jh)*{uj~^.,uj°,uj )da7 d(i;°da7''' 

= J I0(a;“)h(w°)l0(a;“'')h*(w°)du;“da7°du;''' = J h*(a;°)h(w°)da7° = (h | h), 

and consequently, the Hermitian adjoint operator E3 defined by the condition 
(h I Jth) = (h I Jh) for all h e F, h e F, 

(h I jlh) = J h*{uj){J^h){uj)diu = J J J h{uj~ ,uj° ,uj'^)h* {uj°)l(i,{uj~'~)diu~dLLj°diu^ , 

is a pseudo-projection: Jl Jh = h for all h e F, where 

(Jh)(a;_, Wo,t^+) = I0(a7_)h(a;o)l0(w+) 


is the canonical embedding F C F. We now show that the action in F of the linear 
combinations of the operators G® with triangular G = ^ = 0 for all 

pL < V with unit matrix entries GZ = 1 = G^, can be written in the form (13.51) . 

For we have 


G®k®)(o; ) = (Gk)® (a; ) = H E 

fl \ ly 
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where the sums over the decompositions = w!! U Wo U in fact should be 
taken only over since = 0 for u < /r. If w = {uj~ ,uj° ,uj~^) do not 

intersect, then the same is true for = (wL, since uj^ C Consequently, 

n^h(a;n = k (U^a;^)for h(a;.) = which yields 

□ UJ-^=bJ- V fJ. 

where since (G;^)®(a;) = {g)^g^ Gi^ix) is equal to zero if w = 

uj^ ^ ^ for ^ > V. Thus we obtain (Id. 511 for exponential vectors b = k® with the 
kernel K{oj) = of the form lid.till . Since this formula is linear with 

respect to the kernel K, it is also valid for linear combinations K = SAiGf at least 
on r(K). We now define the operator J^KJ in F, employing the formula 

J ^ f{uj-,ujo,oj+)duj = JJJ f{uj-,ujo,oj+)duj-du!oduj+. 

□ LO^=t^ 

Taking into account the forms 1(231), lIXTIl of the operators J, we obtain for 
h G r(K) the formula 


[J^KJh](i^)= / (KJh)(i^-,i^,0)diJ- 

itr(u;)l0(u;l)h(a;“ U u;°)du;Ida.>“da;l|l 

a;°Uu;^—cj 

= X] (Uu^Ddu}-, 

which can be written in the form ( 23(1 in the notation v = u!° and = uj\v = ujCw. 

We shall now prove that the pseudo-conditional expectation K —s- J^KJ is a 
*-representation on r(K). To this end it is sufficient to show that this map is a 
homomorphism with respect to the binary operation ( 1231 ), involution K i—> K^, 
and the unit K = I® on the generating elements G® for which (231 yields (limH) 
for h = k®: [J^G® Jk®](w) = 



LJ°UUJ^=^LJ 

= Y. (G°k)®K)(G;)®K) [ (G-k)®(a;-)dc.- [ (G;)®(u;;)da;; 
= (G°k + G^)®(a;)exp{ J (G'k + G;)(x)d4. 


Using this formula we find that [jll® Jk®](a;) = k®(a;), that is, jll® J = I®, and 


JiG°+*k + G+*){x)dx 


[jtGt®jk®](u;) = (G°k + G7*)®(w)exp 
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that is, JtRtJ = (jtKJ) for K = SAiGf, Kt = SA.G|®, and 


[jt(FG)®Jk®]H = (F;G::k + F°G;)®(a;)exp |y(F-G::k + F-G;;)(cr)drr| 

= (F°G°k + F°G^ + FD^ico) exp | J (G'k + F'G^k + G; + F'G; + F-)(a:)da;| 


where we have used the rule of multiplication 


(FG);; = ^ 

^ U ^ 1/ 


of the triangular matrices F = [Fj^], G = [G(^], € {— , o, +}, Fjf = 0 = for 

fj, > ly, with the entries FZ = 1 = Gl = 1 = G^. Thus we have proved that 
e(F®G®) = e(F®)e(G®), where e(G®)h = J^G® Jh for any h = SAikf e r(K). 
We complete r(K) by sequences h„ G r(K) that are fundamental with respect to 
each of the seminorms ||h|j^ = ||e [j®(/)] h||, / G m (among others, also with respect 
to |jh||e = ||h||). Since TT{g) = e[j®(g)] is a ^-representation of m on r(K): 


7r(5*/) 


e (j(5)j(r))® 


e[f{9)]e\3^im=7r{g)nifr, 


any fundamental sequence remains fundamental after multiplying it by 7r(g) : 
||7r(5)h||'^ = llhll®-^. This allows us to extend the operators e[j®( 5 )] = J^^{g)J 
to continuous operators 7r{g) on the completion F of T (K) with respect to the 
convergence described above. The continuity implies that the algebraic relations 
in the decomposable f-algebra B = CM®, where M = Jl^Majda; = j (m), become 
represented in the operator algebra £ (F) of continuous operators L, L* : F ^ F on 
the poly-Fock space F. Obviously, the linear hull EAi7r(gi) defines a *-subalgebra 
B of operators e(K) G £(K) which is a homomorphic image of the f-algebra 
B genrated by linear combinations K = EAJ®((?i) of decomposable operators 
Gf = 10 Gi0 G®^ 0..where Gi = j{gi)- We recall that the elements of B as de¬ 
composable operators in the pseudo-Fock space F are represented by triangular ker¬ 
nels K G £ (F) with G £ (F) described in (Id.511 by the kernels , 

where the table uj' of four subsets differs from u) = (a;(() G SI only by the interchange 
of ui~ and , and the multiplication K^K is defined, as in any semigroup algebra, 
by the operation KK^ = EAi'A*j®(gi'*( 7 i) in M. Here KK^ is defined by the kernel 
(E3 which can be verified stightforward for the generating kernels lid, (ill by virtue 
of j®(/)j®(5) = j®(/ • g)-. Z®(^;, / • 5)k® K, / • ■ g) k*®(o.-, / • g) = 
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= b'(/)j-(<?)]®o b(/)k(5) + k (/)]®o [l{f ) + k*{f)k{g) + [k*{g) + k*(/)j(ff)]^ 

E ^(/)®^(5)?[k*(/)k(5C-j(/)®gj(5)®o 

® E b(/)k(<7)]?;®kf^(/) E k;_(g)®®[k*(/)j(5C- 

^“U<T^=a;^ <T-Ur-=u.- 

= E E ^®(^,/)k®K\<./)j®KU^;^,/)k*®(t;-U^;;,/) 

crlJT=:a;^\u^ 

xZ®(t, 5 )k®(- u“ U g)j®{ivl U g)k*®(w;7 \v~,g). 

Integrating (E3 over a;_|_ G we obtain the formula of multiplication of the kernels 
K{u}°_,u;°,u;+) = J K{u;)duj^: J[K ■ K*]{u})duj^ = 


= /'/'/'dcrdrdu+ K { a,v^ U v^° \vl,uj° U ) K* { t,uj^ \v^ Ur;^,w°U- 




= E E fK{u}l\vl,uj°Uvl,v^Uv^)K*{v^Uvl,uj°Uv^,uj^\v^)dv^, 

^ 1,0 r,.,° 


v-Goj- ■^°+Q‘^+ 


where X*,a;°,a;+) = / K*{u})duj~ = itr(w+,a;°, w^)*. Thus we obtained a *- 
algebraic structure for three-argument kernels connected with the Maassen-Meyer 
kernels M('d°, i?, i?o) [HI, 001 by a one-to-one Mobius transformation 

^Cuj 


We finally consider a *-invariant subspace of the *-algebra of kernels Kq{u>) de¬ 
fined by the condition J itro(‘*^)da;^ = 0. This is a zero ideal of the homomorphism 
{K{u>)} 1 -^ {K{ui^,u!°,uj~)} for which we take a convention that it transforms the 
star conjugation * into *. Consequently, it is a two-sided ideal ( f-ideal in terms of 
K, or *-ideal in terms of the kernels K): 


(KKo)(w)dw; =0= / (KoK)(w)dtj;, VK 


which is contained in the zero ideal of the representation e : e(Ko) = 0 if itro(w^, a;°, a;“) = 
0. One can show that, owing to the fact that the measure dx on X is atomless, the 
zero ideal of the representation e is exhausted in this way. This follows from the 
uniqueness of the stochastic representation (IT^ . proved in terms of the Maassen- 
Meyer kernels in Consequently, the integral a;°, ) = / K{u>)dui^ 

is a homomorphism of the factorization of the *-algebra of kernels K{uj) also by 
the zero ideal of the representation e. The proof is complete. | 
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Remark 2. We introduce four types Gfjiy ^ fi ^ +, of elementary triangular 
decomposable operators in K described by matrices of the form 



■ 1 

0 

0 


■ 1 

9o (a;) 

0 ■ 

Gt{x) = 

0 

I{x) 

9%{x) 

, G°_{x) = 

0 

I{x) 

0 


0 

0 

1 


0 

0 

1 



■ 1 

0 

9+{x) 


I 

0 

0 ■ 


Gf{x) = 

0 

I{x) 

0 

, Go(^) = 

0 

Gix) 

0 

7 


0 

0 

1 


0 

0 

1 



and we write 

= e[(G“)®] = G®, = e[(G;)®],= e[(G^)®],= e[(G+)®], 

where e is the map CkSII for K(u;) = 

Then the representation m 9 g i—> 7r(g), associated with the infinitely divisible 
state (fig) = e^G) respect to the vacuum vector I 0 G K, can he written as a 
‘normally-ordered’ product 


TT{g) = 


for all Gem, defined by the functions G{x) = j{x,g), g+{x) = l{x,g), (x) = 

k*(x,g), gl(x) = k(x,g). 


In fact, an arbitrary triangular operator G in K with the entries G_ = 1 = G^ 
can be decomposed into a ‘normally-ordered’ product of elementary matrices: 


■ I 

9o 

9+ 


■ I 

0 

9+ 


■ 1 

0 

0 


■ 1 

0 

0 ■ 


■ 1 

ffo 

0 ■ 

0 

G 

9% 

= 

0 

I 

0 


0 

I 

3+ 


0 

G 

0 


0 

I 

0 

0 

0 

1 


0 

0 

1 


0 

0 

1 


0 

0 

I 


0 

0 

1 


Since the maps G 1 -^ G® and K 1 —s- e(K) are multiplicative, we hence obtain for 
K = G® the equality 

e[G®] = e[(Gt)®]e[(Gt)®]e[(G°)®]e[(G°_)®], 
which gives for G = j(5) the corresponding representation for 7r(g) = e[i®(( 7 )]. 


4. The pseudo-Poisson structure oe chaotic sates on quantum Ito 

ALGEBRAS 


In this section we assume that the ^-semigroup b is also an additive group with 
the same neutral element 0 = u, such that 7k-monoid m with respect to the mul¬ 
tiplication, denoted now by bold dot, / • /i, has also the structure of an additive 
group with respect to the pointwise operations 

= -g(x), if + h){x) = f{x) h{x), e{x) = 0 . 

In this terms / U /i, whenever it is defined, can be written as f h. We shall also 
assume that (/ -I- h)* = f* -{-h* and that the conditionally positive form 12.211 is an 
additive homomorphism m 1 —> C which will be denoted as A (g) = (g): 

{-9) = -{9), {f + h) = if) + {h) , (0) = 0. 

Condition (1^ of infinite divisibility of the state for any integrable 

A C Af can now be written in the form of positive definiteness 

(4.1) ^ ((a • c)^) K* > 0, Wnb G C : |supp k| < 00 

a,cG b 





















QUANTUM CHAOTIC STATES AND STOCHASTIC INTEGRATION 


27 


of the function Aa(&) = (&a), where k* = k** and 6 a is elementary function 
6 a(t) = 6 for X G A and b^{x) = 0 otherwise, with respect to the new product 
a ■ c = a • c — a — c. This positive definiteness follows from the additivity of the 
form (g), which yields 

Kf{fmh)Ki= Y «^/((/-^) + (/) + (^)X = Y 

f,hGm f,hGm f,h£m 

for any function g Kg G C with |suppK| < oo and such that = 0, where on 
the right-hand side we can arbitrarily change the value of Kg since 

0-6 = 0*a — 0 — o = —0 = 6- 0 

and therefore {0 • g) = 0 = {g • 0 ). 

We shall now assume that the additive *-group b has a ring structure with respect 
to the new product: 

a • (6 -I- c) = a • 6 -I- a • c, a • (6 • c) = (a • 6) • c. 

Note that the associativity of this product simply follows from its distributivity 
which is equivalent to the relation 

a-b + c- b = b+{a + c)-b. 

This is particularly easy to see if the ring b has identity 1 such that 16 = 6 = 61 , 

i.e. 

1-6 — 6=l-l-6 = 6- l — 6, 

by virtue of the relation 

1 -I- a • c = (1 -I- a) • (1 -I- c), Va, c G b. 

The function ip{g) = e^®^ corresponding to the additive and positive in the above 
sense form {g) is chaotic: 

<P(/ U 6.) = = (p{f)(p{h), V/, 6. G m : //i = 0 , 

and will be called the pseudo-Poisson state over the *-ring (or *-algebra) m with 
respect to the operations -f, In other words, a pseudo-Poisson state is described 
by an exponential generating functional ip{f h) = ip(f)ip(h) on m 9 /, 6. which is 
positive definite in the sense of with respect to the operation /★/i = f -\-h* -\- 
f -kh and e = 0, defined pointwisely by means of the ring m. 

By this distributivity, the canonical maps 

k : m 9 5 1-^ k (5) = g) and k* : m 9 5 1-^ k* (g) = (g 

defining the minimal decomposition 12 .till of the additive (linear) positive form {g) 
are additive (linear), and the *-map i : m 9 5 1—> j{g) — I satisfying in accordance 
with iTzli the conditions 

*(5)^) = g* b.) - g) - h) = g ■ h), Wg,h Gm, 

if Kg) = if • g-{g-if = if ■ g. ygjGm, 

is also additive (linear): 

iif + h) = iif) -\-i{h), i( 0 ) = 0 , i{Xg) = Xi{g). 
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Moreover, the maps ix{b) = jx{b) — Ix are *-representations of the ring (algebra) b 
in the operator *-algebras C(Kx) = {L : Kx Kx, L*Kx C K^,} of the poly-Hilbert 
spaces Kj, = {k : ||ja,(a)k|| < oo,Va G b}: 


ix{a-c) = ix{a* c) - ix{a) - ix{c) = jx{au c) - I - ix{a) - ix{c) 

— -f l)(Za;(c) -f 1) 1 ^a:(a) ^a:(c) — (c) • 

Combining these relations and taking into account the fact that by additivity (lin¬ 
earity) of lx{b) in the integral 12.211 we have 


lx{a ■ c) = lx{a • c) - lx{a) - lx{c) = k*(a)k 2 ,(c) 


almost every where on X, we obtain decomposable *-representationi(a:, 5) = ix{g(x)) 
with four-component 


(4.2) 


ixih) 


lx{b) Kib) \ 
^x{b) ix{b) j ’ 


ixm 


ixib) Kib) y 
Kib) ixib) j 


of the *-ring b with the usual matrix Hermitian conjugation ixib*) = ixib)* and 
non-usual multiplication given by the Hudson-Parthasarathy table |2ti| 


(4.3) 


ixia ■ c) 


KiKKic), k*(a)i,,(c) \ w 

ixiKKic), ixia)ixic) J ’ 


It has a natural realization i(x, g) = ]ix, g) — given in the pseudo-Euclidean poly- 
Banach space IK = KiX) 0 K 0 L°°iX) by the canonical triangular representation 
j(a;,g) = ]xigix)) of the *-monoid m with the usual matrix multiplication and 
non-usual pseudo-Hermitian conjugation (E3: 


(4.4) 


i(a:,5* 


0 kix,g)* lix,g)* 
0 iix,g*) kix,g*) 
0 0 0 


i(a;,5f)t. 


All that has been said means that the factor in m/i, with zero *-ideal i = {g G 
m : iig) = 0 } = i“^( 0 ), of step functions with values gix) G where ijr^(O) = 
{b G b : ixib) = 0}, can be described like i(m) by four-component functions g = 
( 5 (()(^=o,V, for example of the form gix) = ixigK)) with 5 ° = iig), 5 ° = k(g), g- = 
k*(< 7 ), 5 + = lig)- These form a a- ring with respect to the Hermitian conjugation 
ig*ix))^ = gZ'iiix)* and the table of componentwise multiplication 14.311 . This 
allows us to represent additive integral Hermitian forms 

(4.5) nig) = j mix,g)dx, mix, g) = mxigix)) 

on the *-ring m by four-component functions 

I'™', Kx,g) = fj.ix)g^ix), m+ix,g) = m+(a;)g° (a:), 

m°_ix,g) = gZix)m°_ix), mlix,g) = {mlix),glix)) , 

in the form 



(4.6) mix,g) = im°ix),iix, g)) + m*(x)k(a:,g) 0 k*(a;, g)m(a;) 0 gix)lix,g). 

Here gix) G K. (for almost all x), m°_ix) : JCx ^ C is a vector linear form m°_ = m 
on the pre-Hilbert space Kx = {k*(b) : 6 G b} = K*, adjoint to the form m+(a;) : 
Ka; 9 k 1 -^ m*(a;)k G C, and m°ix) : Bx ^ B (to°(x), H) G C is an operator linear 
form on the *-subalgebra Sa; = {ixib) : 6 G b} of operators B, B* : Ka; ^ Ka;. As the 
next theorem shows, we thus essentially exhaust all linear positive logarithmic forms 
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: m ^ C of infinitely divisible states ipi.g) = on *-algebras m, absolutely 
continuous with respect to the Poisson state ^p{g) = in the sense that i C 

Here is the *-ideal of step functions g : X B x g{x) G i^ with values in 

two-sided ideals 

(4.7) = {b G b : mx(b) = 0, mx{ab) = 0, rrix^bc) = 0, mx{abc) = 0, Va, c G b}. 

Theorem 3. Suppose that b is a -k-algehra over C and suppose that the linear 
positive form (E3 on the -k-algebra m satisfies the condition 

Vg G m 3c < oo : {h ■ {g* g) ■ h*) < c{h-kh), V/i G tn, 

of boundedness ||j(<7)|| < c of the associated operator representation i{g) = j{g) — I. 
We equip m with the inductive convergence gn 0 if ||gn||^ —> 0 for all p = 1, 2, oo 

and for some integrahle A G 1?, where G rriA for all u, = ||*(5)|| for 

{x G X : g{x) ^ 0} C A, and 

= (^ l|k(a:,g)f dx) , \\g\\f = Jjl{x, g)\ dx 

Then the following conditions are equivalent: 

(i) The functional 'if{g) = e^^^\ continuous with respect to the inductive con¬ 

vergence on m, is a pseudo-Poisson state deseribed by an absolutely contin¬ 
uous function (b) = g{bA) in the sense that — 0 for all b G b if 

A G 1? and g^ = f^dx = 0. 

(ii) The functional g : m —> <C has the integral form 14.511 . where rux : b ^ C 
is the linear function (lOll defined almost everywhere on X by a positive 
numerical function g{x) > 0, esssup^.^^< oo for all A G ^ with 
g^ = f^dx < oo, a vector-function m on X with values m(a;) G defined 
by the values 

m*(x) G K*, f ||m(x)||^ da; < oo, VA G 1? : = [ da; < oo, 

Ja Ja 

of continuous {for almost all x G X) forms m*(a;)k = (m(a;) | k) on the 
Hilbert spaces = /C*, and the function m° on X with values 

m°(x) G B*, / sup (m°(x), B) da; < oo, VA G ^ : gA = / da; < oo, 
Jao<b<i,: Ja 

in positive forms on C*-algebras Bx satisfying almost everywhere the in¬ 
equality 

(4.8) g{x){ml{x),B*B)>\\Bm{x)\\\ yB G Bx. 

(iii) There is a triangular representation 

5 G m g(a;) = {gO(x)}, g^f = 0 = g+, V/i, i/G {-, o,- k}, 

of the -k-algebra m in the Banach space K = L^{X) 0 /C 0 L°°{X) with in¬ 
definite metric (EH defined by the scalar product {k° \ k°) = /||fc°(a;)||^da; 
of the Hilbert space K, = ICxdx. This representation is locally pseudo- 
unitarily equivalent to the canonical representation EH in the sense that 
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g(x) = S'l’(x)i(a;, g)S{x) for decomposable operators S(a:) m C 0 0 C of 

the form (trTT|i . and is such that 

(4.9) p,{g) = j{p{x)g^{x) + {M{x),gl{x)))dx, V 5 € m, 

where g > 0 is a locally bounded measurable function and M > 0 is a locally 
integrable function with positive values M(x) G B*. 

Proof. First of all we notice that if the decomposable operator-functions ix{b) are 
locally bounded, then the space K of the canonical representation j{g) = I + i{g) 
of the *-monoid m of step functions g : X ^ b, complete with respect to the family 
of seminorms (lOll . is a Hilbert space. This follows from the inequality 

||kf = ||jX/i)k||<||k|i0||*(h)k||<(i0||h||)||k||, 

where ||/|| = max^ || 6 i||^(j) < 00 according to (I4.H|I for any step integrable function 
f{x) = bi,x G A(i), given by a finite partition A = I]A(j) of its support A = {x € 
A : fix) ^ 0}. 

We shall first prove the simple implications (iii) => (ii) => (i), and next we shall 
construct the representation EH) of (iii) drawing on the conditions formulated in 

(i).. 

(iii) (ii). Suppose that S(a;) is the triangular transformation of the form (ITnl) 
given by an essentially measurable function Uix) G £(Kx) with unitary values, a 
function Co : A 9 a; 1 -^ 60 ( 2 ;) £ K* given by the values e*(a;) G Ka, of a vector- 
function e* with IICo(2^)IIX da; < 00 for all A such that = f^dx < 00 , and a 
scalar locally integrable function e+ such that e+(a;) 0 e^(x) = — ||eo(a;)||^. Then 
ffo(x) = U*(x)i(x,g)U(x), 

g+(x) = eo(x)U'(x)k(x,g) +eo(x)l7(x)i(x,g)L/*(x)e*(x) 

+k*(x,g)U*(x)e*(x), 

and EH takes the form 14.511 14.611 . where m*(a;) = eo(x)U(x),m(x) = U*(x)e*(x) 
is a locally square integrable function: ||m(a;)||^ da; < 00 , and 

(m°(a;),H) = (M(x),U*{x)BU(x)) 0/i(a;)m*(a;)Hm(a;) 

is a positive locally integrable function: (m°(x), B^) da; < 00 , satisfying 14.811 by 

virtue of the positivity {Mix), B*B) > 0, gix) > 0 for all x G X. 

(ii) (i). If g is the integral 14.511 of the linear form 14.611 and 14.81) is fulfilled, 
then gig*g) > 0 for all g G m, since 

0 < mig*g) = {ml,iig*g)) 0 2Rem*k(g*5) +fJ,lig*g) 

= {ml,iig)*iig)) 0 2 Rem*i(g)*k(g) 0 /a(a;)k(g)*k(g) 

= {ml,iig)*iig)) - ^ \\iig)mf + fj.\\kig) + iig)in/. 

By linearity of g this is equivalent to positive definiteness 

X! >^*ah-A{o*c)K,c = «aa*cft:c) = > 0 

a,c o,c 

of the form g/^ib) = gib a). Hence it follows that 0 ^( 3 ) = is a pseudo-Poisson 
state given by an absolutely continuous complex measure g/^ib) = J^mxib)dx 
with density ruxib) = m(a;, 6a)- It is continuous with respect to the inductive 
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convergence with respect to the seminorms \\g\\p ,P = l,2,oo, because p is locally 
bounded, m is locally L^-integrable, and m° is locally L^-integrable. 

(i) (hi). If the function p^{b) = lni/i(&) for a pseudo-Poisson state = 

i/’( 6 a) on b is absolutely continuous with respect to A G 3^ for every b £ b, then 
it has the form (lOll . where the density rrix : b —> C is almost everywhere a linear 
positive functional. Since the kernel {g G m : ||g||p = 0,p= 1,2, oo} of the inductive 
convergence in m = UrriA coincides with the kernel i of the canonical representation 
i{g) = j(g) = I in K, which is equal, according to its construction, to step functions 
g ■. X ^ g(x) G ix, where 

ix = {b £ b : lx (b) = 0, lx{ab) = 0, lx{bc) = 0, lx{abc) = 0, Va, 5, c G b}, 

the *-ideal of functions g £ m with values g{x) in 14.711 . corresponding to the 
form continuous in the sense that gn 0 ^ ^ 0 , necessarily contains 

i. This means that a linear functional mx{b) that vanishes on ix for almost all x 
can be written, by this continuity, in the form of a linear Hermitian functional 
mx{b) = m{x,bA),x £ A, on the factor algebra b/i“^ (0) isomorphic to the *- 
subalgebra ix{b) of quadruples 14.211 with the multiplication table is. In addition, 
by the Hahn-Banach theorem and the duality between L^(A) and i'^(A) for l/p-l- 
1/(7 = 1 we can assume that p is locally bounded, m is locally L^-integrable, and 
m% is locally L^-integrable on X. 

For every x £ X we define a triangular pseudo-unitary transform of S(x) into 
Kj, = C 0 Ka, © C of the form 12 . 1111 . where U = — el{x) = m(a;), and e’^{x) = 
- ||m(x)||^/2. Denoting gO(x) = (S'l'i( X, g)S{x))P;, where i(x) is the triangular 
matrix representation of the quadruple (lOll for b = g{x), we obtain 

Mg) = {g°,M) -^*gM/p + pg+, 

where we have taken into account the fact that g°ix) = ix{g(x)) and 
pg+ = Mg) + k*(ff)ni + m*k( 5 ) + m*f(g)m//r. 

In this representation the positivity condition m{x,g*g) > 0 takes the form 

{gTg°,M)+pgT9°+>(^^ VgGm, 

where {B,M) = {B,m°) — m*i?m//i, B £ Bx, and 77 /. = ^x{g) + *a:('?)ni. The 
resulting inequality proves that M(x) is positive for 5 +(x) = 0 and pl(x) > 0 if 
77 /(x) = 0. This proves the existence of locally bounded measurable functions 
p> 0 and positive locally integrable functions M with values M{x) £ B* defining 
the function fi{g) in the form 14.911 . The proof is complete. | 

Remark 3. We consider an additive subgroup b C Cx H x C{K) of the triples b = 
{l3,r],B) with the involution b* = (/?*, 77 "^, i?*), where P 1 -^ P* £ C is the complex 
conjugation, 771 —> 77 ^ G i? is the involution 77 "^# = g in a C-linear subspace H C K 
equipped with the Hermitian form (■C I C) = ' C = (C I 0* of a pseudo-Euclidean 

space K, and B ^ B* £ C{K) is the Hermitian conjugation {B*f | C) = (■? I Bf) 
for all £ K in the *-subalgebra C C C{K) of operators il : 77 1 —> Bg £ K leaving 
H invariant: BH C H for all B £ C. 

We define in b the structure of a x-algebra by putting 

Xb = (A/3, Xg, XB), a*c = ■ C, i*C + y4*C, A*C) 
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for any X G C,b G b, a = (a, f,A),c = ( 7 , C, C), where we use the notation = 
It is easy to prove that this distributive algebra is associative, {ab)c = a{bc), 
only in the case 

(Ar,) ■ C = C • ivC), {Ap)C = A{pC), VA, C G G H, 

which is possible only under the condition (Arj) ■ C, = 0 = f ■ (rjC). This condition 
leads to {ArfjC = A{r]C) if f, ■ C = | C) is a bilinear form on H non-degenerate 

in the sense that {£,■ rj = ^ = V ' C ■ C ^ H} ^ ij = 0. A simple analysis of the 
positivity 

l(fo*b) =X{p\rf) + {Bd\ri) + {r] \ Bd) + (A, B*B) > 0 

of the linear -k-form l{b) = \(i -\- ■ r] p ■ {A, B), where X = X*, = d = 

dfi , A = A*, leads to the conditions (A, B*B) > 0 for all B G C if X = 0 and 

A (ry I 77 ) > 0, (A, B*B) > { {Bd \ Bd), \/t]GH,BgC 

if X ^ 0. The latter is possible only if the form [r] \ rj) = ■ rj is definite, that is, 

X > 0 if {rj \ rj) > 0 for all r] G H and X < 0 if {rj \ rj) < 0 for all -q G H, which is a 
necessary condition for the existence of a pseudo-Poisson state on b = C x H x C. 

Assuming without loss of generality that > 0 for all q {otherwise we have to 
change the notation b {—(3,q,B) and qi^q —ry^ry) we consider the following 

two cases, in which H is a Hilbert space with respect to the norm || 7 y|| = {jf^,q) , 

where (^,C) = \ {f ■ C, + C, ■ 0- 

Example 1 (Gaussian state). Let C = {0} and A = 1, that is, b = {/3,q), and let 
l{b) = {q, 9) + (}, where {q, 0) = 2 Ke{q \ 9) for all q = q#. The algebra b = C X H 
is now nilpotent: ac = (CjCjO)) ohc = (0,0) for all a,b,c G b, and commutative, 
[a, c] = ac — ca = 0, if the involution ff is isometric on H in K A H: 

The infinitely divisible functional ‘p^ib) = exp{[/3 + {q, 0)] /i^} corresponding to the 
conditionally positive k-form Aa(&) = [/3 + {q, 0)] respect to the Hermitian 

operation 

(«.■?) * ( 7.0 = (a* + (^ I C)+ C), u= ( 0 , 0 ), 

defines a generating functional iy5A(0j v) — ^ of the factorial moments of a Gaussian 
chaotic state over H with mathematical expectation (&a) = {v, 9) Pa foT b = (0, q) 
and finite covariance (&a^a) = {v \ v) Pa ^ ®+ fo'i' every A G ^ such that = 
f,^dx < 00 . This covariance is symmetric only in the commutative {classical) case, 
and in the converse {quantum) case it satisfies the uncertainty relation 

(oa) (ca) > s(C,C)Va: Va = {a,f),c= {aX),LC G Rei7 

for the commutative Heisenberg relation [oajCa] = (is(Ci'C)MAO) corresponding to 
the symplectic form s{f,f) = 2Im(^ | () on ReiJ = {q G H : qA = q^. The 
canonical representation (IO|l . defining a k-representation ]{g) = I + i((y) of the 
k-monoid m of step functions g : X <Cx H, and the corresponding representation 
Tr{g) = e[j® ( 5 )] in the Fock space K, is described by the functions ix{b) = 0, ]ix{b*) = 

q*, kx{b)* = q*, lx{b) = P-\-{q,9). 
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Example 2 (Poisson state). Let H = {0} and let b = C be the ^-algebra of 
operators in K bounded by the identity I € b in the sense that 

yC = B*B 3cG IR+ : < c(A,y4*A), VA e b, 

where A is a linear positive form defining l{b) = {A,B). Bearing in mind the 
Gelfand-Naimark-Segal construction, we may assume without loss of generality that 
this form is a vector one, {A, B) = {eBe), represented in the Hilbert space K by 
an element e G K, ||e|| = {A, I). In the commutative case b can be identified with 
a subalgebra of essentially bounded functions 6 : a; i—> b(w) € C on a measurable 
space n with finite positive measure dA of the mass A = (A, I) by putting {B'k){iu) = 
b{uj)'k{uj) on K = L\{Ll), and e{uj) = 1 for all co G ft, so that l{b) = f b(uj)dA. The 
infinitely divisible functional 'P/^{b) = corresponding to the conditionally 

positive 'k-form AaI^*) = {A,B) with respect to the Hermitian operation A - C = 
A* + A*C + C with the neutral element U = 0, defines the generating functional of 
factorial moments of a Poisson chaotic state over C with mathematical expectation 
(^a) = (A, B) and finite covariance (^a^a) = (A, B*B) /i^ G R+ for each 
A G S' such that /i^ = f^dx < oo. This covariance is symmetric not only in the 
commutative (classical) case [A, C] = AC — CA = 0, but also in the case when 
A G C* is central. The central form {A,B), described by the condition (A, [A, C]) = 
0 for all A,C G C, defines a a-finite trace on the ^-algebra m of step functions 
G : X B X i-k G(x) G C with the integral form (g) = f (A, G(x)} dx or (g) = 
ff g(x,oj)dxdA in the case ofb^ Lff(n). Otherwise, the form (A, B) can also lead 
to the uncertainty relation 

(aA)(ci)> ^A,i[A,C]^ pil, VA = A^C = C'^ 

The canonical representation defining the indefinite representation = 

I + 1 ( 5 ) of the k-monoid m and the corresponding representation 71 ( 5 ) = e[j®( 5 )] in 
the Fock space K, is described by the functions 

i,(b) = B, k,(&*) = B*e, k*( 6 ) = e*B, G{b) = e*Be, 
where e*Be = (eBe) = {A,B). 

Part 2. Non-commutative stochastic analysis and quantum evolution in 
scales 


5. Introduction 

Non-commutative generalization of the ltd stochastic calculus, developed in pp, 
ini, 1211, mi and HH gave an adequate mathematical tool for studying the 
behavior of open quantum dynamical systems singularly interacting with a boson 
quantum-stochastic field. Quantum stochastic calculus also made it possible to 
solve an old problem of describing such systems with continuous observation and 
constructing a quantum filtration theory which would explain a continuous spon¬ 
taneous collapse under the action of such observation 0, El and m This gave 
examples of stochastic non-unitary, non-stationary, and even non-adapted evolution 
equations in a Hilbert space whose solution requires a proper definition of chrono¬ 
logically ordered quantum stochastic semigroups and exponents of operators by 
extending the notion of the multiple stochastic integral to non-commuting objects. 
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Here we outline the solution to this important problem by developing a new 
quantum stochastic calculus in a natural scale of Fock spaces based on an explicit 
definition, introduced by us in of the non-adapted quantum stochastic integral 
as a non-commutative generalization of the Skorokhod integral SHI represented in 
the Fock space. Using the indefinite *-algebraic structure of the kernel calculus, 
which was obtained in the first chapter as a general property of a natural pseudo- 
Euclidean representation associated with inhnitely divisible states, we establish the 
fundamental formula for the stochastic differential of a function of a certain num¬ 
ber of non-commuting quantum processes, providing a non-commutative and non- 
adapted generalization of the Ito formula as the principal formula of the classical 
stochastic calculus. In the adapted case this formula coincides with the well-known 
Hudson-Parthasarathy formula m for the product of a pair of non-commuting 
quantum processes. In the commutative case it gives a non-adapted generalization 
of the Ito formula for classical stochastic processes which was recently obtained in 
a weak form by classical stochastic methods by Nualart m in the case of Wiener 
integrals. We also note that the classical stochastic calculus and the calculus of 
operators in the Fock scales was worked out by the group Hida, Kuo, Streit and 
Potthoff, see m and ESI, and also by Berezanskii and Kondrat’ev m 

Using the notion of a normal multiple quantum stochastic integral, which is 
formulated below, we construct explicit solutions of quantum stochastic evolution 
equations in the adapted as well as in the non-adapted case of operator-valued coeffi¬ 
cients and we give a simple algebraic proof of the fact that this evolution is unitary if 
the generators of these equations are pseudounitary. In the adapted stationary case 
the quantum stochastic evolution was constructed by Hudson and Parthasarathy 
by means of the approximation by the Ito sums of quantum-stochastic generators. 
However, proving unitarity by this method turned out to be a difhcult problem 
even in a simple case. 

Within the framework of this approach Kholevo m constructed a solution of an 
adapted quantum-stochastic differential equation also for non-stationary generators 
by defining the chronological exponential as a quantum-stochastic multiplicative 
integral. 

We note that our approach is close in spirit to the kernel calculus of Maassen- 
Lindsay-Meyer m, m, however the difference is that all the main objects are 
constructed not in terms of kernels but in terms of operators represented in the 
Fock space. In addition we employ a much more general notion of multiple sto¬ 
chastic integral, non-adapted in general, which reduces to the notion of the kernel 
representation of an operator only in the case of a scalar (non-random) operator 
function under the integral. The possibility of defining a non-adapted single inte¬ 
gral in terms of the kernel calculus was shown by Lindsay m, but the notion of 
the multiple quantum-stochastic integral has not been discussed in the literature 
even in the adapted case. 

6. Non-adapted stochastic integrals and differentials in Fock scale 

Let {X, fj.) be an essentially ordered space, that is, a measurable space X with 
a cr-finite measure fi : ^ 3 A > 0 and the ordering relation x < x' with the 

property that any n-tuple x = {xi ,..., Xn) is the chain k = {xi < ■ ■ ■ < Xx} up to 
any permutation modulo the product Y\a=i measures dec := other 

words, we assume that the measurable ordering is almost linear, that is, or any n 
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the product measure of n-tuples x € X" with components that are not completely 
increasingly ordered is zero. Hence, in particular, it follows that the measure /i on 
X is atomless. We may assume that the essential ordering on X is induced by a 
measurable map t : X IR_|_ with respect to which ^ is absolutely continuous in 
the sense of admitting the decomposition 

f f{t(x))dx = [ 

JA Jo 

for any integrable set A C X and any essentially bounded function / : R+ ^ C, 
where is a positive measure on X for any t € K.+ and a:i < • • • < means 

that t(xi) < ■ ■ ■ < t(xn)- In any case we shall assume that we are given a map t 
such that the above condition holds and t(x) < t(x') if x < x', understanding t{x) 
as the time at the point x G X. For example, t{x) = t for x = (x, t) if X = W^ x R+ 
is the {d + l)-dimensional space-time with the casual ordering | 2 | and dx = dxdt, 
where dx is the standard volume on d-dimensional space 9 x. 

We shall identify the finite chains with increasingly indexed n-tuples of Xi G X, 
X = (xi,..., x„), xi < • • • < x„, denoting by ff = finite 

chains as the union of the sets r„ = {x G A" : Xi < • • • < x„} with one-element 
To = { 0 } containing the empty chain as a subset of A: 0 = A°. We introduce a 
measure ‘element’ dK = Oxex ^ induced by the direct sum ^ 

5 ®" of product measures dx = nr=i mass d>^ = 1 at the 

point = 0 . 

Let {Kx : x G A} be a family of Hilbert spaces K^, let Vq be an additive 
semigroup of positive essentially measurable locally bounded functions p : X IR+ 
with zero 0 G and let = {1 +po ■ Po G 'Po}- for example, in the case 
A = R”* X R+ by Vi we mean the set of polynomials p{x) = 1-1- c/c|a;|^ with 

respect to the modulus |x| = (Exf of a vector x G R'’* with positive coefficients 
Cfc > 0. We denote by K{p) the Hilbert space of essentially measurable vector- 
functions k : X 1 -^ k(x) G square integrable with the weight p gVi: 

llk|| (p) = ||k(x)||^p(x)dx^ < oo. 

Since p > 1, any space K(p) can be embedded into the Hilbert space K = K(l), 
and the intersection nK(p) C K can be identified with the projective limit K+ = 
limp^ooK(p). This follows from the facts that the function ||k|| [p) is increasing: 
p < q ^ ||k|| (p) < ||k|| (g), and so K(g) C K(p), and the set Vi is directed in the 
sense that for any p = 1 + r and g = 1 + s, r, s G T^O) there is a function in Vi 
majorizingp and q (we can take for example p+q— 1 = l-l-r-|-s G Vi). In the case of 
polynomials p G on A = R'’* x R+ the decreasing family {K(p)}, where = C, 
is identical with the integer Sobolev scale of vector fields k : R'’* ^ L^(R+) with 
values k(x)(t) = k(x, t) in the Hilbert space L^(R+) of square integrable functions 
on R+. If we replace R'’* by and if we restrict ourselves to the positive part of the 
integer lattice Z”*, then we obtain the Schwartz space in the form of vector fields 
k G K+. 

The space K_, dual to K+, of continuous functionals 

(f I k) = J (f(x) I k(x)) dx, k G K+, 
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is defined as the inductive limit K_ = limp^oK(p) in the scale {K(p) : p e P-}, 
where P- is the set of functions p : X ^ (0,1] such that 1/p € Pi. The space K_ of 
such generalized vector-functions k : X 9 a; k(a;) € can be considered as the 
union ljpe-p_ K(p) of the inductive family of Hilbert spaces K{p),p G P-, with the 
norms ||k|| (p), containing as the minimal the space K = K(l). In the extended scale 
{K{p) : p € P}, where P = P- U we obtain the Gel’fand chain K+ C K(p+) C 
K C K(p_) C K_, wherep+ G Pi, p- G P-, and K+ = KH coincides with the space 
of functionals on K_ continuous with respect to the inductive convergence. We can 
similarly define a Gel’fand triple (F+, F, F_) for the Hilbert scale {F(p) : p G P} of 
Fock spaces F(p) over K(p), that is, the spaces of functions 1: k l{>c) G K®(>r) 
square integrable with weight p(>r) = Ylx&>cP(^)^ with values in Hilbert products 

PIKp) = (^J < oo- 

The integral here is over all chains k £ X that define the pairing on F_ by 

(f I h) = y (f(>!r) I h G F+, 


and in more detail we can write this in the form 

j \\l{>c)fp{>c)dx J ■■■ J Ilf(xi,...,a;„ 


n—0, 


0<tl< <tn<OC 


n 

]^p(xi)dxi, 

i=l 


where the n-fold integrals are taken over simplex domains r„ = {a? G X" : t{xi) < 
• • • < t(xn)}. In a similar way as is done in the case X = 1R+, t{x) = x, one 
can easily establish an isomorphism between the space F(p) and the symmetric or 
antisymmetric Fock space over K(p), the isomorphism defined by the isometry 

/ ■■■ / ■ ■ ■ ^^nWW_p{Xi)<lx^ 

n=0 i=l 

where the functions f(xi,... a:„) are extended to the whole of X" in a suitable way. 

Let D = be a quadruple of functions D/; on X with values in contin¬ 

uous operators 

D^{x) :F+ :F+GK, ^F_GK„ 

(6.1) :F+^F_GK,, f?”(x) : F+G K, ^ F_, 

so that there is a p G such that these operators are bounded from F(p) D F+ to 
F(p)* C F_, where F(p)* = F(l/p). We assume that £*+(x) is locally integrable in 
the sense that 

3p G "Pi : = /" |lD+(x)||pdx < oo, Vt < oo, 

Jxt 

where X* = {x G X : t{x) < t}, and ||I?||p = sup{||I?h||(p“^)/||h|j(p)} is the norm 
of the continuous operator D : F(p) ^ F(p)* which defines a bounded Hermitian 
form (f I Dh) on F(p). We also assume that D/{x) is locally bounded with respect 
to a strictly positive function s such that 1/s G "Po in the sense that 

3p G Pi : |jP>/||p7^(s) = ess sup {s(x)||P>/(x)||p} < oo, Vt < oo, 

xeXt 
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where ||-D|jp is the norm of the operator F(p) ® K^; ^ F(p)* 0 K^;. Finally, we 
assume that D‘^{x) and D~{x) are locally square integrable with strictly positive 
weight r{x) such that 1/r S Vq, in the sense that 

3p€Vi:\\D\\\^^l{r) <oo, ||£|-||^^](r) < oo, Vt < oo, 

where ||I?||p^](t) = \\D{x)\\pr{x)dxy^‘^ and ||D||p are the norms, respectively, 

of the operators 

D%{x) : F(p) ^ F(p)* ® K„ D^ix) : F(p) ® K, ^ F{p)*. 

Then for any t G K+ we can define a generalized quantum stochastic integral 

(6.2) ^l(D)= f A(D,dx), A(D,A) = ^A;)(Z?(;,A) 

as the sum of four continuous operators A'^{D^) : F+ ^ F_ for A = A* which are 
operator measures on 5^ 9 A with values 


[At(D+, A)h](x) 
[AtiDl,A)h]i^) 

[A°_(i9-,A)h](x) 
(6.3) [A:{D:,A)h])K) 


/A 


[D j^{x)h\{K)dx (preservation). 


[D°^{x)h\{x\x) (creation), 

xeAn^ir 

/ [-D“(a;)h(a;)](>r)da; (annihilation), 

Ja 

[Z?°(a;)h(a;)](>r \ a;) (exchange). 


xeAn^ir 


Here h G F~^,>c\ x = {x' G >c : x' ^ x} denotes the chain k G X where the 

point X G >c has been annihilated, and h(a;) G K^, ® F"*" is the pointwise derivative 

defined for h G F+ almost everywhere (for x ^ >c G X) on. X as the function 

h(a;, x:) = h{>c U x) = [a(a;)h](>£’), where the operation x: U i? denotes the union 

O’ = x: U I? of disjoint chains x: H i? = 0 with pairwise comparable elements. The 
operator a(i?)h(x:) = h(i?, x:\'d) which annihilates the points i? = {xi,... Xn} C xr in 
the chain k G X defines almost everywhere (xrlbi? = 0) on A the n-point derivative 
h('d, x:) = h(x:Ud) as the Fock representation of the n-th order Malliavin derivative 
m at these points. The continuity properties of this operator, which defines an 
isometric map a:F(i+p) ^F(i)(8 )F(p), are given by the following lemma. 


Lemma 1. The operators [a('d)h](x:) = h(xr U v), x G X, defines a projection- 
continuous map a of the scale F{p),p G V to F (i) 0 F(p), where r~^ G Vq, such 
that ||ah|| (y,p) = ||h|| +p), and it is formally adjoint to the creation operator 

[a*f](a;) = y] f(i?,a;\i?), f G F(r) 0 F 

l9Caj 



which is a contraction in F 


(^) forq>^+p. 


Proof. We first of all establish the principal formula of the multiple integration 

(6.4) J f{'d,u;\'d)duj = JJ f{'d,v)d'ddv, V/G LyA^), 


i?Cw 
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which allows us to define the adjoint operator a*. Let = g{'d)h{v) be 

the product of integrable complex functions on X of the form g('d) = 

— rixeu V & X. Employing the binomial formula 

^g{d)h{uj\d)^ ^ n5'(^)n=n(5'(^) +^( 2 ;)), 

'&Uv—ujxG'& xGv xGco 

and also the equality / /(r?)di? = exp{ J f{x)dx} for /(i?) = Oxetf f{x), we obtain 
the formula 


g{'d)h{uj \ i?)dii; = exp 


{g{x) + /i(a;))dx| = JJ g{i})h{v)M{dv), 


which proves (lOll on a set of product-functions / dense in L^(A’ x ff). 

Applying this formula to the scalar product (f(i?, u)|h(r?, u)) G L^{X x X), we 
obtain 


I h(w))da; 


i}Cu 


v) I h(i? U v)) dr?dr;, 


that is, (a*f I h) = (f | ah), where [ah](^?,t;) = h(c' U r?) = h{'d,v). Choosing 
arbitrary f G F(r)(K)F , we find that the annihilation operator o(r?)h = [ah](d, •) 
defines an isometry F p) ^ F (i) ® F(p) as the operator adjoint to a* : F(r) 0 
F —> F , q — i+p, with respect to the standard pairing of conjugate spaces 

F(p) and F 


h(d, ujpr ^(r?)p(r;)dr?dt; 

||h(a;)fr-yi?)p(w\r?)da; = /||h(u;)f r-^('i9)p(v)duj 


■i 9 Cu 


i^Uv—uj 


|h(a;)f(r-i +p)(w)dta. 


Hence it follows that a is projective continuous from F+ to F)}" x F+, where F)|" = 
ripePoFCp): particular, so is the one-point derivative f(x,v) = f(x U v) 

from F+ to K+ x F+ as a contracting map F -bp) ^ ^ (p) ® 
r~^ G VotP G V. The lemma is proved. | 


We are now ready to prove the inductive continuity of the integral (lOl with 
respect to D = (D))] using the inequality 

ll(*o(D)h)|| < ||i:)||;_t(r)||h||(g), V(7<r-i-bp-bs“\ 

where ||L>||;,t(r) = P+Hp)* + \\Dl\\p}ir) + \\D-\\^p}{r) + ||D°||^y^(s). We will 
establish this as the single-integrant case for the multiple generalized integral El 


[4(H)h](x)|| = y] / / [HWh(d-uC)](x°)d^;d^-. 

I vt I vt 


(6.5) 
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where = x n = {x ^ X ■. yc C. X*} and the sum is taken over all 

decompositions = k°_ U -do U such that 1 ?° S X* and S X*. The multi¬ 
integrant B (i?) in general is an operator-function of the quadruple = {'d^)v=o + 
of chains 'd^ G X, defined almost everywhere by its values as the operators 

B ^°o ^ : F+ 0 K®(i?-) 0 K®(i?°) ^ F_ 0 (g) K®(i?;). 

We will assume that these operators are bounded from F(p) to F for some 

p £ Vi and that there exist strictly positive functions r > 0,r“^ G Vo, and s > 
0, s“^ G Vo, such that 


( 6 . 6 ) 

where 


mitir) 





p,t 


di5 < oo, 


yt < oo, 





ess sup (s(i 9 :)||i?(i 9 )||p)V(i 5 ^Ui?-)di 9 ^di?-)i /2 




and s{d) = na;GiJ = OaiGi? We mention that the single integral (16.211 

corresponds to the case 


= D^ix), B{^) = 0, y^:J2\€\^h 


where denotes one of the atomic tables 



determined by a; G X. It follows from the next theorem that the function B{'d) 
in (ICT can be defined up to equivalence, whose kernel is B « 0 \\B\\pj.{r) = 0 for 

all t G M+ and for some p, r, s. In particular, B can be defined almost everywhere 
only for the tables i?= (i^^) that give disjoint decompositions k = of the 

chains G X, that is, are representable in the form 'd = UxGxr where x is one of 
the atomic tables (j^ with indices p, v for a: G 


Theorem 4. Suppose that Bip) is a function locally integrable in the sense of (16.611 
for some p,r,s > 0. Then its integral (16.511 is a continuous operator Tt = io{B) 
from F+ to F_ satisfying the estimate 

( 6 . 8 ) ||T,||, = ^sup^|||r,h|| Q) /||h||(g)| < \\B\\l,{r) 


for any q > r ^-|-p-|-s The operator Tf, formally adjoint to Tt in F, is the 
integral 


(6.9) 


4 (i?)*= 4 (B*), B* 


'+> 


€ 


= B 


I?;, 


which is continuous from F"*" to F_ with ||i3*||p’*(r) = \\B\\p'*{r). Moreover, the 
operator-valued function t i—f Tt has the quantum-stochastic differential dTt = 
d4(D) in the sense that 

(6.10) z*(B) = S(0) + *‘(D), Z?(;(a:)=*f4B(x(j)), 
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defined by the quantum-stochastic derivatives D = {D'f) with values 16.1 II acting 
from F(g) to F and bounded almost everywhere: 


\D 




..t < 


WoCir) < 


\B\ 




1^0 


|(oo) 

I q,t 


(5) < \\B\\;4r) 


for D = and D = Df, q > r ’'+p + s This differential is defined in 
the form of the multiple integrals 16.511 with respect to'd of pointwise derivatives 
B{x.,'d) = B{'dU'x.), where x is one of four atomic tables 16.711 at a fixed point 
xGX. 


Proof. Using property 16.411 in the form 


f{r,d:,di)Y[dd 


o 

I' 5 


it is easy to find that from the definition 16.511 for f, h G F+ we have f (f(>^) | [Tth](>jr)) d>f: 


= [ [ ddi [ ddf [ drJi{d:ur+)\Bii))hidfud:)) 

Jx* J x* J x* Jx* ' ' 

= [ ddf f dd^ [ dd- [ dd:(B(i9)*f(d:ud^) iM^-uo) 

Jx* Jx* Jx* Jx* ' ' 

= j {[Tti]{^) I d{>c))dx, 


that is, Tf acts as 6^(5*) in JHISI) with = B{'d')\ where = fdZ'lf) 

with respect to the inverstion — : (—, o, +) (+, o, —). More precisely, this yields 

lko(-®)ll 9 ~ lko(-®*)ll 9 ’ since \\T\\q = ||T'*||q by the definition 16.811 of g-norm and 

by 

sup{| ((f I Th) |/|lf||(<?)|!h||(Q)} = sup{| (TM I h) |/||f||(g)||h|l(g)}. 

We estimate the integral (f | T^h) using the Schwartz inequality 

J l|fWII(p)llhW||(p)s"^(i9)di9 < ||f||(s-\p)|lh|l(s"\p) 


and the property (lOll of the multiple integral according to which ||f||(s ^,p) = 
||f|i(p + s-i), \\ms-\p) = ||h||(s-i +p), I(f I r,h)| < 


< 




iif(^:ud^)ii(p) 


llBWIlpd^; Iih(^,- Ud:)||(p)di9-dd^ 


Jx* Jx* Jx* \JX* / 

1 

<f dd(f ||f(^ud^)f(p)^ / ||h(dud,-)f(p)^)' 

Jx* \Jx* r{'d+)Jx* r{d^)J 

< j di9||f(d)||(r-i+p)||B°(i?)||p,t(r)||h(i9)||(r-i+p) 

Jx* 

< esssup{s(i?)||B°('d)||p,t(r)}||f||(r"^ + p + s“^)||h|j(r"^ +p + s“^), 

s&x* 




where ||5o(^^o)llp.tW = (Xv*/ a*(/a‘II^WII pdd+)V(i9„ U i?+)di9o dd+)i/2. Thus 
Il'Ttll, < \\B\\p^t{r,s), where q > r~^ + p + s“^ and 

ll■B|ip.t(r■,s) := esssup{s(d)|lB°(d)||p,t(r)} < \\B\\l t{r). 

■d£X* 
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Using the definition insii and the property 

f(>jr)d>i: = f( 0 ) + f dx f i{x,>c)d>{, 


/A* 


lx* 


where f(x, xr) = f(x: U x), it is easy to see that [{Tt — To)h](x:) = [(to(^) ~ 
S( 0 ))h]W = 


lx* 


t{^l)<t{x) 

dx i 




I di?,. 


+ , i9)h(ai U -do U d°))]}(xr\d°\d+) 


E 




{ 


di?: 


Jx*M 


/a*(-) 


di?-(i?(x“ ,9)h(i?-ud:) 


+ B(x:, I9)h(a: U I?- U d:))]}((>^\d:v^) 


lx* 


dx[D^{x)h + (x)h(a;)](xr) + ^ [Z)^(a;)h + Z)°(x)h(a;)](xr \ a). 

xGX* 


Consequently, Tt — Tq = Yl, , X^), where K>^{D,lS.) are defined in (Ih.dll as 

operator-valued measures on X of operator-functions 






[D>l{x)d][K) = E / 

[D^ix)h]{x) = E / 

,<iO| uQO j A 




di5,-[i?(x!;,i9)h(d-Ud:)](;<°), 




di?-[i?(x'^,i9)h(d-U<)](;<°), 


acting on h S F+ and h G K^, ® F+, where xr° = xrC (19° U d^) = x-\d°\d^. This 
can be written in terms of lti.511 as D^{x) = Lq{B{x'^)). Because of the inequality 
llTtll, < ||B||;_t(r) for all q > r"! -hp-f 5 “^ we obtain ||£>+||^^t^ < ||5||p,t(r), since 
||T>;(a;)||, < P(x;)||;_,(,^)(r): 


/ \\D+{x)\\qdx< [ |jB(x+)||^t(,^)(r)dx 
Jx* Jx* 

= [ dx/ ||B:j:(a:Ud)||^^i(,,)(r)dd = f ||B:j:(d)||;_t(r)dd - ||B+(0)||^_t(r) 

Jx* Jx*M Jx* 

= ||B||;,,(r)-|ii?;(0)||;,,(r), 

where B-(d,d) = B(dUd;)d 0 (d;) for d; = , d = ^o^- 

In a similar way one can obtain 

\\Dl\\f}{r) < (^^(||B(x;)||^_,(,„)(r))2r(cr)da:y^' 

< l^^dd- (^|^^(||i3+(d^d“)||;,,(r))V(d“)dd“y^% ||B||;,,(r), 
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where 5+(i? , 1 ?°, i?) = B(i9 U U for 0 ^, 

WDoW^iJir)^ (^^(||S(xj)||^^j(^)(r))V(x)da;) ' 

- / / (ll^”(^+’'^°)llp.t(0)^?'(^^o)di?o) ' < ||S||;_t(r), 

where S-(d+, •do, i9) = 5(19 U'i?”)^0(d+U i?^), -i?" = ^^0+ 

Finally, from \\D°{x)\\g < ||B(x°||®_j(^j(r) we similarly obtain 

Poll 9 “^(s) < ess sup {s(x)|lB(x°)||^_t(,„)(r)} < ||B||;_t(r) 

xGX'^ 

if g > r~^ + p + s~^, which concludes the proof. | 

Remark 4. The quantum-stochastic integral 16.511 constructed in El, as well as 
its single variations llOl introduced in na, are defined explicitly and do not require 
that the functions B and D under the integral he adapted. By virtue of the continuity 
we have proved above, they can be approximated in the inductive convergence by the 
sequence of integral sums LQ^Bn), i^CDn) corresponding to step measurable operator 
functions Bn and D„ if the latter converge inductively to B and D in the poly-norm 
16.61) . 

In fact, if there exist functions r, s with r“^, s“^ G Vq and p G Vi such that 
\\Bn — B\\p^^{r) 0, then there also exists a function q G Vi such that ||io(^n ~ 

B)\\q 0, and we have q > r~^ +p + s“^ by the inequality 16.8|l . which implies the 

inductive convergence LoiBn) i^oiB) as a result of the linearity of ip. Suppose 
that D(a:) is adapted in the sense that Dlf{x)(h*''^^'^ 0 h[t(a;)) — (g) h[t(a;) or 

[Dif{x)h\{x) = [D^{x)h.{K[t(x))]{x^'''''’), Vx S X, 

where h(x[t, x*) = h.{K* U h\j,) and h*' U is the decomposition of the chain x G X 
into x^ = {x G X : t{x) < t} and x^t = {x G x : t{x) > t}. In this case the 
above approximation in the class of adapted step functions leads to the definition 
of the quantum-stochastic integral io(^) the Ito sense given by Hudson and 
Parthasarathy for the case X = 1R+, t{x) = x as the weak limit of integrals sums 

4 (d„)= / A(D„,dx) = 

•to i=i 

Here D„(x) = D(xj) for x G [Xj,Xj+i) is an adapted approximation corresponding 
to the decomposition R+ = Ej=i i'oto the intervals Aj = [xj,Xj+i) given by 
the chain xo = 0 < xi < • • • < x„_i < x„ = oo, and D^{x)A'j^{A) is the sum 
of the operators (4.3) with functions D^{x) constant on A which can therefore 
be pulled out in front of the integrals A)). In particular, for Df = 0 = D° and 
D~ = 1 0 g = Df, where 1 is the unit operator in F and g{x) is a scalar locally 
square integrable function corresponding to the case K^, = C, we obtain the Ito 
definition of the Wiener integral 

g{x)w{dx), / g{x)w{dx) = ilCD) 

Jo 



QUANTUM CHAOTIC STATES AND STOCHASTIC INTEGRATION 


43 


with respect to the stochastic measure w{A), A G on R+, represented in F by the 
operators w(A) = A+(A) + A° (A). We also note that the multiple integral inisii in 
the scalar case B{'d) = 1 0 b{'d) defines the Fock representation of the generalized 
Maassen-Meyer kernels EH, EH and in the case 

U (50(1^) = 


1, i? = 0, 
0 , 


it leads to the multiple stochastic integrals Lo{B) = /o(f)j 


/ ■/ 


f(a:i,... ,a;„)w(da:i)... w(dx„) 


of the generalized functions f G F(^)i that is, to the Hida distributions 

EHI of the Wiener measure w{A) represented as w{A). Thus we have constructed 
a general non-commutative analogue of Hida distributions whose properties are 
described in the following corollary. 


Corollary 1. Suppose that the operator-function B{i9) = 1 0 M('i9) is defined by 
the kernel M such that ||M||((r) < oo, 


where 

\\M\\Ur) 


M 







di^o ess sup {s(i?°)||M(i5)||}^r(i?^|_ 



1/2 


for all t G K+ and for some r(i?) = {x), s{d) =U,e^s{x); r-\s-^ &Vo. 

Then the integral (li)3|l defines an adapted family Tt, t G R+, of q-bounded operators 
Tt = tQ(l 0 M), \\Tt\\q < ||M||f(r) for q > r~^ + 1 + with adapted p-bounded 
quantum-stochastic derivatives Df;(x) = ® Mlpdf)). 


7. Generalized Ito formula of unified quantum stochastic calculus 

Let H be a Hilbert space. We consider a Hilbert scale G{p) = H G F(p), p G 7^, 
of complete tensor products of H and the Fock spaces over K(p), and we put G+ = 
nG(p),G = G(l), and G_ = UG(p) which constitute the corresponding Gel’fand 
triple G+ C G C G_. We consider operators T = e{K), not necessarily bounded, 
in the Hilbert space G = H ® F as the *-representation e of operator-valued kernels 


(7.1) K(‘ft :HGK®(c.-Ua;°)^H®K®(u;°Uu;;), 

satisfying the integrability condition || Ar||p(r) < oo for some r~^ G T^o and p G T^i, 
where 




\\K{u:)\ 

P{^°o) 




r w. 


U Wq )du;^du; 



1/2 
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This representation e is defined for h G H 0 F by 

(7.2) [e(if)h](>r) = ^ //^ fe’ U a;-)d.4-dc.; 

as the vacuum-adapted operator-valued multiple integral (16.51) with t = oo of the 
function i?(i9) = <50 0 K{'d), where 

[?0f](x)=f(0)<50(4.), 5,{k) = {1 l = l 


is the vacuum projection on F such that [B(i?)h('d° U r?“)](x:° ) = 0 if xf. = 
^ 0. The operator e{K) can be represented equivalently as the adapted 
(i.e. identity-adapted) integral (16.511 with t = oo of a scalar-valued integrant as the 
function B{'d) = 1 0 M{'d), where 1 is the unit operator on F and M{'d) is the 
generalized Maassen-Meyer kernel-integrant. This follows from 

[i?(i9)h(r?- U ^?:)](>^“ ) = Mi-dMd- UdlUxl) 


such that 


tg“(T(g)M)h 


(>f) = [e{K)h]{x) for the kernel 


K 





E M 

i3Cw° 







which is connected with M by a one-to-one relation 


M 




E^(r’ 

V +’ / 


where I®{v) = is the unit operator in K®(t)). 

According to Corollary^] ||T||q < ||M||^(r) for g > r~^-|-l-l-s“^. However, using 
the equivalent representation iTTa in the form of the non-adapted integral (16.511 of 
B{'d) = 5(n® K{'d) and taking into account the fact that 11^0 ||p = 1 for sufficiently 
small p > 0, we obtain as p ^ 0 a more precise estimate ||r||q < ||iF||s-i(r) for 
q > r~^ -I- = limp(,\^o(p~^ + 7*0 + s“^). From this estimate the previous one 

follows, since 


II ^ ^ |lM(,9)||<(l + s-i)(u;:)||M||:„ 

iJCw° 


where ||M||^ = esssup,,g;t,{s(i5)||M(i?)||}, 


sW = n = E ® n 

XGUJ° 


and consequently II Ar||p(r) < ||M||^(r) forp > H-l/s. Hence in particular there fol¬ 
lows the existence of the adjoint operator T* bounded in norm ||r*||q < || Ar*||j,(r) = 
||Ar||p(r) as the representation 


(7.3) 


e{Kr 


€{K*), K* 





= K 





* 


of the *-adjoint kernel K*{u)) = K{uj')*. 
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In the next theorem we prove that the *-map e : K is an operator 

representation of the *-algebra of kernels K{uj) satisfying the boundedness condition 


(7.4) 


\\K\\a, = esssup{||7i:(a;)||/ Y[ a 0 (a; 0 )} < 


oo 


relative to the product of the quadruple a = {a^)'^Z7+ of positive essentially 
measurable product functions a^{ui) = ^ uj £ X. These are defined 

by an integrable function a'^ : X R+, by functions : X IR+, square 

integrable with a certain weight r > 0, r~^ G Vq, and by a function a° : X ^ K_|_, 
essentially bounded by unity relative to some p G V: 


|a7||« < oo, ||a° ||( 2 )(r) < oo, ||a-||( 2 )(r) < oo, ||a:||(~) < 1 , 




k(a:)|dx. 


(7.5) 


|( 2 )(^) = (^J a(x)'^r{x)dx^ , 

l|a||p°°^ = esssup-^^^^. 

P[x) 


The conditional boundedness (TTll ensures the projective boundedness of K by the 
inequality ||i7||p(r) < 


(7.6) 

(7.7) 


< J duJ_^_(^JJ esssup{||i7||a]^<(u;0)/p(a;°)}^r(w^ U Wo )dw+dw- 


1/2 


/ /* o f \l/2 Q^o(^) 

a^(a;)du;^ J a^(u;)^r(u;)dc(j J a~ {ujyr{uj)dLoj ess sup ° ^ ' 

< ||i7||aexp|y {a^{x)+r{x){a\{xY + a~{xf )/2)dx'^, 


K\\c 


where we have taken account of the fact that f a(w)dw = exp f a(x)dx for a(uj) = 
rixGa; 0 <(x) and 

n 

esssup{a°(w)/p(w)} = sup ess sup TT{ci!o(a;i)/p(a;i)} = 1 if a° < p. 

U 1 n icGX" 

Before we formulate the theorem we establish the following lemma. 


Lemma 2. Suppose that the multiple quantum-stochastic integral Tt = t,Q{B) is 
defined in (16.511 by a kernel operator-function Bi^d) = e{M{'d)) with values in the 
operators of the form fra . where 


K 


(v+, 

1 o 

Vo\ 

o 1 

= M ( 


^oj 

\ 


ao 


€ 


4, 


,Ce T, 


and M{'d) : v M {i9,v) is a kernel-valued integrant 


Mi-d, ti) : H (g) K®(i;7 U i?”) 0 K®(u° U i?°) ^ H 0 K® (u° U (g) K® (u^ U i9^). 

Then Tt = e{Kt) for the kernel Kt(y}) = v\^lu},M) given by the multiple counting 
integral on the kernel-integrants M, that is, tg o e = e o Uq, where 


vl{u,M)= Y, M(i9,w\i9), 00^ = {X^ 

i?Cw‘ 


(7.8) 
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{the sum is taken over all possible C X* p, = = o,+ ). If M{'d) is 

relatively bounded in £ X for each D = (Iff) such that 

xG'd 

for a pair of quadruples (3 = {fif) , /3y > 0 and 7 = ( 7 ^), 7 {j > 0 satisfying (17.511 . 
then the kernel K is relatively bounded: ||pg(M)|lQ, < c if a^{x) > j3^{x)-\-^^{x) for 
t{x) < t and Q.^{x) > ^f{x) for all /i, v when t{x) > t. In particular, the generalized 
single integral io(D) of the triangular operator-integrant D {x ) = [5>i5fDii (x)] with 
Df{x) = e(Clf(x)) is a representation ig o e = e o Ug of the single counting integral 

n‘(a;,C)= ^C'(x,a;\x), C(x(;, u) = C'^(x, u), 

of the triangular kernel-integrant C(x,v) = [6^SfCjf{x,v)\, where the sum is 
taken over all possible x G io{t D X* for p, = —,o,v = o,+, and x = x^^. is 
one of the atomic matrices (lOl with indices pfx.) = p, ;/(x) = v, defined almost 
everywhere by the condition x G ujlf. Moreover, we have the estimate 


ll»T'o(C)||pW < cexp|^^( 7 +(a;) + 5(7+(a^)^ +7o (a;)^)r(a;))dx| . 

given the kernel-valued quadruple-integrant C^{x,'y) is relatively bounded for each 
X G X in V = {v^) in the sense that there exist such 7 = ( 7 ^) that 


-||c+||W + ||c: 


( 2 ). 

+ 11-7,tv 




IC 


+ ll-C,* 


W + l|Co-||i,,i(r) 

|lC'+(x)||^da:, \\C\\^^l = ||C(x)||^r(x)dx) ' , 


II c-; 


,( 00 ) 
o 11 - 7 ,t 


= sup 


l|go°(^)l|- 

p{x) 


Proof. ltM{'d,v) is an operator-valued integrant-kernel that is bounded, < 

c, relative to the pair (/ 3 , 7 ), then the relatively bounded operator Tt = e{Kt) is 
well-defined for Kt = Vg{M), since 


ti'&ixt ti^-xt txixt 

||iVt(t^)ll < C l|Af(i5,w\i9|| 

1 ^+^^+ i9“Caj“ 

/j,= —,0 —jO 

<^11 E = c n AiA), 

u=o,-i- 1^=0,+ 

where <(w) = +AA] ’ for P^{d) = 

and ^^{v) = Y\.xSlvAA- Applying the representation to Kt{uj) = Vg{(jj,M) 
it is easy to obtain the representation of the operator e{Kt) in the form of the 
generalized multiple integral (16.511 of B{'d) = e{M{!})). Indeed, [T^h](>^) = 
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where x:° = >!r\ { 1 !)° U i?^), h(i?, u) = h(u U ■d). Consequently, Tt = where 

[B('i9)h(i?° U !?“)](>«:) = ^ f f M{'d,v)h{dlUd~, v°Uv~)dv~dv:^, 

that is, we have proved that e o Uq = tp o e. In particular, if M {'d, u) = 0 for 
^ I 7 ^ 1, then, obviously 

i/f)(u),M) = n^(a;,C), 4(B) = 7^(D), 

where Cj^(x,v) = M{:ic^,v) = C{x.i^,v) and -B(i9) = 0 for 7^ I; = 

B{x^). This yields the representation e o ng = Zq o e for the single generalized 
non-adapted integral (lOl for A = X* in the form of the sum 

5]A;)(e(C(f),A)=e(5](A;(C'(),A)), A;(u;,C,A)= ^ C'(x,u;\x(;) 

xSwtJnA 

of representations of four kernel measures Njf{uj, C^, A) for that define kernel rep¬ 
resentations e o N{A) = A(A) o e of the canonical measures (4.3) with D^{x) = 

I 

In the following theorem, which generalizes Ito formula to noncommutative and 
nonadapted quantum stochastic processes Tt = e{Kt) given by an operator-valued 
kernel Kt (u;), we use the following triangular-matrix notation 

T(a;) = [T(xO)], T (x) = 

for the quantum stochastic germs VxT = e (^K (x)^ given by the point derivatives 

of the kernel K (x,v) = K (v U x), with Tjf {x) = T (x^) equal zero for fj, = + 
or u = — and TZ (x) = Tf^^f = (x). We notice that if AT* (a;) = ATg (w) -|- 

rig (C (lj)), corresponding to the single-integral representation Tt — Tq = 4 (D) 
with D (x) = e (C (a;)), then Kt{x, v) = Kt{v U x) is given by 

kt{x,v) = ktM{x){xi,i^)+ X! C'(z,u\zUx). 

This proves that Kt{x,v) doesn’t depend on t S (t (t) , t+(x)], where t^ (x) = 
min{t {x') > t{x) : x' G Uu^}, and therefore the right limit 

^t(rc)](x,u) := liin A:t(x,u) = kt(^^^ (x,u) -F ^(x,^^) 

t\t{x) 

trivially exists for each x S {x^} and v with kt(^x)] (xl, v) = Kt(^x) (w) = ^t(a:)] (xl, 
for Art(xl,u) = Kt{v) = Kt{x^,v) due to the independency of K (u)) on wl and 
uj^. We may assume that the germs VxTi = e ^AT* (x)^ also converge from the right 
to G (x) = T (x) -I- D (x) with A) (x) = e (C (x)) at t \ t (a;) for a; S A correspond¬ 
ing to each atomic table x in dna as they have limits e (^-)) = ~ 

e (ykt{x) (x+)^ for X S {xl,xl}l}. As it is proved in the following theorem, these 
germ-limits G (x) are given by the matrix elements D (xj)) of the QS-derivatives 
D = [£>0 (x)] at least in the case Kt = Ug(M) 17.811 corresponding to the multiple 
integral representation Tt = ig(B) (see Iti.hll l with B(i9) = e(M(i9)). 
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Theorem 5. If kernel K(u)) is relatively bounded, then the same is true for the 


kernel K*{lo) : ||if*||-y = where 


7+ 

7+ 


To 

7c 


7+ 

7o 


7; 

7^ 


and the oper- 


!T ~ ir*- li')' > 

ator T* = e{K*), as well as the operator T = e{K), is q-bounded by the estimate 
(TO for q> p + 1/r. For any such kernels K{'d) and bounded relative to 

the quadruples a = (a^) and 7 = (7[J) of functions a^(x), satisfying (17.511 

the operator 

e{K)eiK)* = eiK ■ K*), e{I®) = I 

is well-defined as a *-representation of kernel product (2.9) of Chapter I with 
the estimate \\K ■ K*\\p < ||i4r||a||if*||-Y *//?() > (a • 7)0, where {a. ■ ^)^{x) = 
'Yh defined by the product of triangular matrices 


■ 1 


1 

1 + 


■ 1 

7o 

7+ 


1 0 

0 0 

1 0 

d 

I_ 

7+ + tto 7+ + a+ 

0 

0 0 

«+ 


0 

0 0 

7; 

= 

0 

Q 

0 0 

0 0 

<T+ + 7; 

0 

0 

1 


0 

0 

1 


0 

0 

1 


Let Tt = e{Kt) with Kt (x, f) defining the right limit xTt\t=t{x)] = e(^t(a;)](x)) of 
VyfTt at t \ t{x). Let T(a;) = [T^(a:)] and G(x) = [G^(x)] denote the triangular 
matrices of germs T (x) = '^xTt\t=t{x) ^nd GIT) = "SIyfrt\t=t{xy\ ols operator-valued 
matrix elements 


(7.9) 


Tjf {x) = e(Xi(.)(xO)), G')(x) = e(ii:t(.)](xO)) 


corresponding to point-derivatives Kt(Tf) at t = t{x) and their right limits at 
t = t(x)] respectively. Then the operator-functions D^(x) = Gf{x) — Tjf{x) are 
quantum-stochastic derivatives of the function t Tt which define the QS differ¬ 
ential dTt = djQ(D) in the difference form so that Tt — Tq = iQ(G — T). Moreover, 
T* _ jj* _ — Tt), and we have the generalized non-adapted ltd formula 


(7.10) 


TtTf - TqTq = io(TDt + DTt ^ (GGt - TTt), 


4 


■ T 

Tf 

T- 1 


■ 0 

Df 

Df 1 


■ T 

Co¬ 

g; 1 

0 

rpo 

0 

r° 

, D = 

0 

D° 

Df 

, G = 

0 

gs 

g; 

0 

0 

T 


0 

0 

0 


0 

0 

T 


where D Dt is the pseudo-Euclidean conjugation \D^{x)\^ = (a;)]* of the 

triangular operators 


T = 


with the standard block-matrix multiplication (TG)0 = TT^G^. 

Proof. The adjoint operators e{K) and e{K*), which define the ^-representation 
(EH) with respect to the kernels K bounded in the sense of EH and EH , are 
g-bounded for q > p-\-\/r by the estimate ||e(itr)||q < ||itr||p(r) and inequality (17.611 . 
which leads to the exponential estimate 


|e(^!:)||g < ||i4:|l„exp{||a+||t^t -h 


1 ( 2 ) 


{rf 


v-||(2) 


(0")}- 


The formula for the kernel multiplication K* ■ K, which corresponds to the operator 
product e{K*)e{K), has already been found for scalar H = C in the case of linear 
combinations of exponential kernels 


f«(^) = ff{Df)fl{d\) ® ® /-(c), 
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where — {8)xei? /{^)(/+('*^) = HajeiJ /+(^))- shall now verify this formula 

for operator-valued kernels K{lo) and K*{uj), noticing that their product is (3- 
bounded for f3 — a ■ -y, since \\K* ■ K\\ (a;) < 


^ E 

K\ 


K 


< 


\K 


\cr+, Uo Uu_^ 

uJl\cr 
\' 


K* 


a;+ \r+, uj^ \v- 
w°Uu“ 


E' 


+ \^ + , Uu+ 

\ uj° U 


T 




+ ’ 


■^O \' 




where we have employed the multiplication formula a® • 7® = (a • 7)® for scalar 
exponential kernels 

= n = E">'a(2^)“^(^)- 

Using the main formula (lOll of the scalar integration we write the scalar square of 
the action H7.2|) in the form ||e(/^)h||^ = 

2 

E [[ K*{uj)h{uj° U u;°)du;:^duj~ dxr 

E E LJcTo) I ur°))d>f 


{K* 


u“Uu+, u°Uu+ 




' +> 

v°+ LI u+, 


To 

v° U v~ 


(h(u° U U (7+) I K 

T~ 


h(u° U U cr+) I 

h(u° U U T“))dcr da; du 

0-+, 


^oUu- jhKLu-Ur-))dada;du 

= f (h(>^) I [[^^ ' ^ w°)du;+da;^)di?, 

'' LJ°Uull=i) 

where u° = cr° fl t°, = (t° D r^j_, v~ = t° n a°^_, and = cr^ n r^. Since 

h G H (g) F(g) is arbitrary, this proves the formula for the kernel multiplication for 
K* and K, which extends to any relatively bounded kernels M and K because of 
the polarization formula for the Hermitian function K* ■ K. 

We shall now consider the stochastic differential dTj of the multiple integral 
Tt = of the operator function B{'d) = e(M(i?)) defined by the quantum- 

stochastic derivatives 

D'i{x) = = e(C^(x)), 

representing the differences of the kernels 

Cl^(x,v) = = Kt(^)j(x^,v) - Kt(^)(xi^,v). 
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Here i^q{v,M{x.)) = M{'dUx,v\ i)), x is one of the atomic matrices (I6.7II . 

and 




M(i9, (■uUx)\i9) =i^t(^)(uUx), 

T^C.ut(x) 


^t(a;)](x,u) = Y M{'d,{vU:x.)\'d) 

Ux 

= Kt^^){vUx.)+ Y M(i?Ux,'u\i?) 

We note that = X]i?Cw‘i M{'d,u} \ i?) = Kt^{u}), where t+ = min{t(x) > 

t : X e a;}, a;‘l = {x e a; : t{x) < t}, so that Kt{x)]i^jt^) = Kt{'x.,v) for any 
t G (t(x),t+(x)]. Thus the derivatives D^{x),x G X^, defining the increment 
Tt-To = z^(D), can be written in the form of the differences 


D^{x)=e[kt^x)]{0]-e[kt^x){0] 


of the operators dJ. If we consider kt{x) as one of the four entries kt{x^) = 
Kt{x)i^ in the triangular operator kernel Kt(x) with Kt{x)Z = = Kt{x)^, we 

define the triangular functions 


T(x) = e(K,(,)(x)), G(x) = e(Kt(,)](x)). 

This allows us to obtain the quantum non-adapted Ito formula in the form 
TtT* - TqT* = io(TDt + DTt + DDt), 

where D(x) = G(x) — T(x). This is a consequence of the fact that the map dl) is 
a *-homomorphism, TtT^ = e(K ■ K*), and the formula Id.All of Chapter I for the 
product of the operator kernels Kt and , which can be written in the form 

(iG* •iG*)(‘^Uxn = YlKti^n-Kt{x)t]H = [K*(x)kJ(x)](;M, 

\ — ll 


where the right-hand side is computed as an entry in the product of triangular 
matrices K(x) = [K^{x)] which defines the multiplication of the entries as operator¬ 
valued kernels Kt{x,u))Z = Kt{uj) = Kt{x,u>)^, k{x,u)) = K{u) U x). For from 
(ESI) of Chapter I we obtain 


[K-K*]{u;Ux:) 
[K ■ K*]{ujUxI) 
[iG • iF*](u; U X-) 
[K ■ K*]{u; U xZ^) 


[k{xl)-k*{xt)]iu;), 

[K ■ k*{xZ) + k{xZ)k*{x:)]{u), 

[k{xi)k*ixi) + k{xi)-K*]iu;), 

[K ■ iF*(x;) + k{xz) ■ k*{xl) + k{x^) ■ iF*](u;), 


which are the matrix elements of 


[K ■ K*]{ujUx) 


k{x)>i ■ kt{x)t 


(w) 


(K-Kt) {x,u:). 


This allows us to write e[(iirt • k^){xi^)] = J2x=fi^i^tix)^kf{x)^) in the form of 
the triangular operator 


e(K,(x)Kt(x)) = e(Kt(x))e(Kt(x))* 
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which is the product of the triangular matrices Tt(a;) and T|(a;) with operator 
product of the entries. We put t = t(x) and t = t+{x) in the formula, and we 
obtain 

e[(K,(,)] . Kt(^)j)(x) - = G(a:)Gt(x) - T(x)Tt(x), 

which allows us to write the stochastic derivative of the quantum non-adapted 
process TtT^ in the form 

d{TtT;) = d4(GGl' - TTt), 

corresponding to imnii . The theorem has been proved. | 


Remark 5. Using the non-adapted table of stoehastic multiplication 

GtG-TtT = D^T + T^D + DtD 


0, 

r*R-, 

T*Df + Df*T ' 


0, 


Dl*Dl ■ 

0, 

0, 

Df*T 

-b 

0, 

DTD°o, 

D°*Dl 

0, 

0, 

0 


0, 

0, 

0 


+ 


0, + TffDl 

0, Dl*T° + Tf*Dl 
0 , 0 , 


D°^Tl + Tl*D% 
Dl*Tf + Tf*D\ 
0 


we can 


write mnii in a weak form 


(T.TOr - llTohir = / 2Re{Tt(^,)h\Df{x)h + Df{x)h{x))dx 


tx* _ 


Df{x)h + D°{x)h{x) + 2Re ^a(x)Tj(,j,)h | Z?^|.(x)h + D°{x)h{x) 


dx, 


where a(x)Tt(^^fa. = r^(x)h + T°(x)h(x). This formula is valid for any non-adapted 
single integrals Tt = Tq -\- io(D) with sguare integrable values Tjh for all h G G+ if 
we understand by a(x) the annihilation operator [a{x)T^(^^■fa\{>c) = [T(( 3 ,)h](xU x) 
at the point x G X. 


Indeed, taking into account that 

(f I io(D)h) = I Df{x)h.^Dfii{x)^ + (|f(x) | 1?° (x)h + i:)°(x)h(x)^]dx, 

we readily obtain the weak form of the non-adapted ltd formula if we substitute 
DtT + DtD TtD in place of D. This formula can also be obtained by a direct 
computation 

||z‘(D)hf + 2Re(**(D)h | Tph) = \\Tthf - \\Tohf 

without assuming that the family Tt is defined by the kernels EHl which represent 
it in the form of the multiple stochastic integral lti.511 of R = e{M). For we compute 
the square of the norm of the full single integral 

[4(D)h](>r) = f [Df{x)h-\-Df {x)ii{x)]{x)dx 

Jx* 

+ ^ [-Dl(x)h D°{x)h{x)]{x \ x), 
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and we obtain ||zQ(Dh|p = || / |p + 2 Re I /) + II E IP) where 
2 r r 

Z3^(z)h + D^{z)\\{z) I D^{x)\\ + D~{x)h{x)'j dxdz 

(z)h + D~ (z)h(z)dz I (x)h + D~ (x)h(a;) ) dx, 


/X* Jx* 
2Re 


lx* 


Xt(x) L 


the cross-term can be written as 2 Re | /) = 

2Rey (^'^[D']_{z)h +Dl{z)h{z)]{>i:\z) \ j [D^{x)h + D~{x)d{x)]{K)dx^ dx 
^ [D\{z)h. +Dl(z)h.{z)]{x) \ D^{x)h. +D~{x)\i{x)\ dxdx 


2 Re 


-I- j 2Re^a(a:) J (z)h-|-( 2 ;)h(z)]ds |-D^J.(x)h-|-_D°(a:)h(a:)y dx 

and ElP-/Exex‘ [^+(a;)h-b i:>°(x)h(x)](>f \ x) dx ^ 

X^>C^ 

x^z 

X ([-D+( 2 :)h-b L>°(z)h(z)](^<\ z) | [IZ+(x)h-b L>°(x)h(x)](>f \ x)^ d>f: 

t 

i / ( a(x) X f (z, x\z) I f (x, >^) ) dx'dx, 

\ ze>r‘(“’) / 

where f (x, >«:) = [Z?° (x)h -b -D°(x)h(x)] {x). Here we have used llti.411 in the form 

/ -) I \ d* = / (%■ « U X) I h(x, d.dx. 


. X^Z 

E 

X,Z^>C'^ 

2 Re 




which gives the Ito term of the Hudson-Parthasarathy formula for the adapted 
integrals of the form 


J +^o{x)h{x)]{x\x) dx = j ^ 1?° (x)h-b L>°(x)h(x) 


dx, 


and [a(x)f(x)](>ir) = f(x, U x) is the annihilation operator at x G X. Adding up 
all three integrals, we obtain 


p^(D)hf = J 2Re(|(4("^(D)h I ZZ;(x)h + ZZ-(x)h(x)^dx 


/X‘ 


I?° (x)h(x) + I?°(x)h(x) 


dx 


+ / 2 Re ('a(x)iQ*''^^ (D)h I Z?^|.(x)h(x) + I?°(x)h(x)') dx, 


which leads to the weak form iTTmi of the non-adapted generalization of the quan¬ 
tum Ito formula for Tt = Tq + 
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If Tt = e{Kt) is the representation (17.211 of the kernel (I7.6II . then obviously 

[e{Kt)h]{>cUx) = [€{kt{x°_^))h +e{k{x°))h{x)]{}<), 

and therefore a{x)Tt(^x'jh — T^(a:)h + T°'h{x). 

In particular, in the scalar case K^, = C for = 0 = D°, D~{x) = D{x) = 
D'^{x) and T°{x) = Tt(^x)y T~{x) = T^{x) = d{x)T we obtain 


\\Tthf - llTohf = [ 2Re(rt(,)h | dT,(,)h) 

Jx* 

+ f [||i:'(a:)hf+ 2Re(5(x)Th|i:»(x)h)]dx, 
Jx* 

where d {x) Th = a(x)Tt( 2 ,)h —Tj( 3 ,)h(a:) = [a(x), This gives the Ito formula 

for the normally-ordered non-adapted integral 

Tt-To= f {A'^{dx)D{x) + D{x)A°_{dx)) = [ dTt(^x) 

Jx* Jx* 

with respect to the Wiener stochastic measure w{A), A £ which is represented 
in F by commuting operators w{A) = A+(A) -|- A5L(A). Consider a particular 
case when the operators Tg, D{x), and consequently Tt are anticipating functions 
To(ui), D{x,w), and Tt{w) of w, that is, Tq = Tq^w), D(x) = D{x,w), and Tt = 
Tt{w). Then the operators T(x) = [a(x), Tq^:)] = ^(.Kt[x){x)) are defined by the 
Malliavin derivative dxTt{w)\t=t{x) as the Wiener representation of the pointwise 
derivative Kt(^x){x^ >c) = Kt(x)ix U x) of operator-valued kernels in the multiple 
stochastic integral Tt{w) = f Kt{>c)w{dK) = I{Kt). In this particular case (17.1111 
was recently obtained by Nualart in m 

We note that in the adapted case we always have T°{x) = Tt(x) ^ I{x) and 
Tlf{x) = 0 for /r ^ u except, possibly, T^{x) = €{K^{x)). Hence we readily obtain 
the following result. 


Corollary 2. The quantum stochastic process Tt = e{Kt) is adapted if and only if 
the kernel process Kt is adapted in the sense that 

Kt{a,v,T) = J Kt(^‘^’ ^ ^ dw = 50(cr[t)7®(u[t)(50(T[t) 0 A:t(cr*,u'^,T*), 

where 6^{>c) = 1 if >c = %, 5ti){>c) = 0 z/x 7 ^ 0, I®{k) = ®x^>tkk), k = xf] X*, 
x^t = {x S X : t{x) > t}. The quantum-stochastic ltd formula (17.1011 for such 
processes can be written in the strong form 

TfTt - T^Tg = {Tt\x)dT{x) + dr*(x)Tq,) + dT*(x)dr(x)) 

= z^(GtG-r*T(g)l), 

where 


dr(x) = A(D,dx), dT*(x) = A(D^dx), 

[10 0 

dr*(x)dT(x) = A(DtD,dx), l(x) = 0 I{x) 0 

0 0 1 

and in the weak form as (I7.11|l . where a{x)Tt(^x)d = [Tt(x) C) /(x)]h(x), 
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8. Non-stationary quantum evolutions and chronological products 

We have proved the continuity of the ^-representation e of an inductive A-algebra 
03 of relatively bounded operator-valued kernels K{u>) in the operator *-algebra 
05(G''") of the inductive limit 0+ = nG(p), and this property allows us to construct 
the quantum-stochastic functional calculus. Namely, if K = f{Qi,..., Qm) is an 
analytic function of the kernels Qi £ as the limit of polynomials Kn with fixed 
ordering of non-commuting Qi..., Qm the limit taken in the sense of ||ifn —Ha ^ 
0 for (p, ( 7 )-admissible quadruple a = {a^) of positive functions a^{x) > 0, then 
T = e{K) is an ordered function f{Zi,...,Zm) of operators Zi = e(Qi) as the 
limit ||T„ — T||q ^ 0 for q > p+l/r oi the corresponding polynomials r„ = e{Kn). 
The function T* = f*{Z \^..., with transposed order of action of the operators 
Z* = e{Q*) is also defined as a g-bounded operator T* = e{K*) in the scale {G(p)} 

The differential form of this unihed QS calculus is given by the non-commutative 
and non-adapted generalization of the function Ito formula 

(8.1) dZt = dil{A) ^ df{Zt) = dil{f{Z + A)-f{Z)), 

defined for any analytic function Tf = f{Zt) of an operator-valued quantum sto¬ 
chastic curve Zt = e{Qt) as the generalized QS-differential of e{Kt) for Kt = f{Qt) 
as soon as this function is well-defined also on the germs Y (x) =Z(x) + A(x), 
Z(x) = [Z (xO)] of Zt as the triangular matrix-functions with the elements Y (x) = 
Vx^t(a;)], Z{x) = V^Zt{x) for X G {x))}. Here 

mx) = fiZrA^), GAx) = /(Z + A)Ax), 

where f{Z)(x) = f{Z{x)) is a triangular matrix which as an analytic function of 
the triangular matrix 

Z{x)= e(^k{x.A^ =e(K(a;)), hf (xf), d) = iG (d U xf)) 
with the elements representing (5t(a;)(x) and Qqa;)](x), respectively, as 
Z{x) = e{Qt(x)AA) , Y(x) = -b , 

AAx) = e Qtix)]AA - Qtix)AA ■ 

For an ordered function Tt = f{Zit ,..., Zmt) this can be written in terms of Za, 
with the differential dZu = dio(Hj), and -b as 

dTt = dz‘(/(Yi,..., Y„) - /(Zi,..., Zm)). 

In particular, if all triangular operator-matrices {Yj,Zi} commute, then we can 
obtain the exponential function Tt = expjZt} for Zt = Zit as a solution of 

the following quantum-stochastic non-adapted differential equation: 

(8.2) dTi=dz‘[T(S-l)],ro = /, 

where S = exp { Y^iLi Az}, T = exp { Y^iLi Zz} corresponding to 

m 

TS = exp{^Y,}. 

2=1 
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We shall now deal with the problem of solving a general quantum-stochastic 
equation 

(8.3) Tt = T* + il{TA*) 

of type corresponding to the integral equation Tt = I + *o(TA) with Tq = I 
and A‘(a;) = S(a;) — i(a::) independent of t. In general Tg is given as a nonadapted 
function of t G R+ with values in continuous operators G+ —> G_, and A‘(x) = 
[A‘(a;)0] is a triangular matrix-function of x G A, where A*(x)0 = 0 for /r = -|- or 
v = — and the non-zero values are continuous operators 

: G+^ G_, A:(x) :G+GK, ^G_®K„ 

A;(x) :G+^G_(g)K„ A-(x) : G+(g)K, ^ G_, 

for example Tg = TqC/q, A‘(a:) = A(a:)(C/((^^ G I(a:)), where {[/* : t > s G M+} is a 
given two-parameter family of evolution operators on G’*'. First of all we prove the 
following lemma. 

Lemma 3. Suppose that the operator-functions 
T‘ = e(A‘), = 

are the representations of the kernel functions Kq{lo), L*(xO,u), where oj = 

G X,v = G X, and xj) are the atomic tables (liTTIi . Then the 

integral equation (|H31) is the operator representation Tt = e{Kt) of a triangular 
system of recurrence equations 

(8.4) Kt{u}) = Kq{u;) -t- ^ [Kt(x) ■ LI.]{uj), 

where the kernel-operators L\.(u 3) are defined almost everywhere (for pairwise dis¬ 
joint {pjfT^Z+'^o) 

L‘(dUxO) :=L‘ (x;;,u)^L* (cr,< 

by the matrix elements o/L*(x,ii), with L\.{ijj) =0 if x ^ LIwO, and Kt(x) ‘ 
the kernel product. The solution of (lOll is uniquely defined almost everywhere (if 
t{x) 7 ^ t{x') for all x x' G UwO ) as the sum 

Kt{u}) = ^ Mt{'d,u)\'d) =vl{u},Mt) 
of chronological kernel products 

(8.5) Mtii}, v) = ..... . LlJ{^ U u) 

over all decompositions ■(?= Xi U ... U x^ of the tables i?= (i?0) into atomic tables 
Xi, each of the form ijOl . with the correspondence Xi G :x.i = It gives 

the unique solution llOl in the form of the generalized multiple integral 

Tt = il{Bt), Bt{D)=e{MtiD)), 

if Fock representation Bt(d) of the products IjS.bll satisfies the condition IliJtllp)^) < 
oo for some admissible p G Vi and r~^, s~^ G Vq. 
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Proof. We substitute Tq = e{Kl), A*{x) = e(L*(a;)), and Tt = e{Kt) in IS.itll and 
we take into account the fact that 

T(a:)A*(a:) =e(K,(,)(x)-L*{x)), 

where Kt(x) = [Kt{x)^] is a triangular matrix, Kt{x)^ = 0 if ^ > p, with the 
non-zero kernel entries 

Kt{x,v)Z = Kt{v) = K{x,v)X, Kt{x,v)f = Kt{v U x^^), 

and L*(x) = [L^{x)X\, where L*{x)^ = 0 if ^ > p and the entries 

L\x, v)Z=0 = L\x, u)+, Uvf, L\x)if = tKyLf) 

are defined by the kernels Ll.{uj) = L*(x, w \ x), with Ll.{uj) = Q ii x ^ for all 
ji , \n the same way as the entries Kt{x, v)>f are defined by the kernels 

Kt{u>). As a result we found that fOl is satisfied if 


= KUlo) + ^ \ x) 

l/>— t{x)<t 

= Koiu}) + ^ ■ -bx]« LJ a; \ xj^), 

which corresponds to The solution of this equation for any table lo = 

{^v)v=o,+ with chronologically ordered entries is represented as the sum (17.fill of 
the chronological products (ESI) of the operator-valued kernels Mt(0,a;) = Kq^uj) 
and Ll.{u)), since 

Kt{io)= =Mi(0,u;)+ ^ 

= Mt(0,u;) + E E Mt (-I? U X, a; \ (- 1 ? U x)) 

= K^H + E E [^‘(-) • + E • LlKiv), 

where we have used the representation 118.511 in the recurrent form 

Mt{-dUx,v) = [Mq 3 ,)(x) • L‘(x)]^[^]('i9 U ■u) = • Lj,](x U i9 U ■u). 

This defines the representation of the solution Tt = e{Kt) in the form of the non- 
adapted quantum-stochastic integral (1^ of Bt = e{Mt), since by Lemma|21 eoi^o = 
tp o e if the integrability condition (Iti.till is fulfilled. | 


Theorem 6. Suppose that Ul = e(Vf) is the representation on G of the evolution 
family {Vf :t> s € K+} of relatively bounded operator-valued kernels 


V* 







satisfying the condition Vf ■ Vf = Vf for all r < s < t, where the representation 
is considered with respect to the kernel product (TTrUI) of Chapter I with the unit 
Vf{Lo) = 7 0 I®(a;). Suppose that 


A‘(a;) = [Ap^ . K‘](a;), = [L^ Vt > s 
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are the kernel products defining the representation (IH3I) of equation 18.,SII . Then 
the kernels chronological product 

( 8 . 6 ) Ktiu,) = ..... 

for Ff.{uj) = Ll.{uj) + = xi U ... U x„, is a unique solution of the 

system (lOll for almost all uj = (wf)) {if t{x) ^ t{x') for all x ^ x' G UwO). This 
yields the representation of the solution of (lOl in the form Tt = e{Kt) defined 
on G for each t as a relatively bounded operator if the product llOl satisfies the 
condition HiCtUct < oo with respect to the norm El for the quadruple a = (af)) 
of functions admissible in the sense of ESI and equal to zero for t{x) > t. The 
operators Tt are isometric, that is, TfTt = I {unitary: Tf = T^f^) if and only if the 
operators Tq and Ul,t > s > 0, are isometric {unitary). Consequently, for all t we 
have Tq = TqUq and the triangular operator-matrices S(a;) = [5'0(ai)] that define the 
generators of the equation (18.811 in the form A*{x) = (S(a:) — ® l(a^)) are 

pseudo-isometric, that is, S^(a;)S(a;) = J(8)l(a;) {pseudo-unitary: S'l'(a:) = S(x)“^), 
and such that 

S°{x)*S°{x) = i O I{x), S+{x)*+ Sl{x)*Sl{x) + S+{x)=0, 

(8.7) ^-(x)* + 5:(a;)*5° (a;) = 0, 5° (a:)*5:(a;) + Sf{x) = 0 

{and S°{x) are unitary, that is, S°{x)* = S°{x)~^) for almost all x G X*. 


Proof. Suppose that i; = UoUi7iU...U is a decomposition of the table v = 
(uj)) = a;\'d into the subtables = x) U ... Ux"’ determined by the points Xi G X* 
of the atomic tables x^ in the chronological decomposition '§= xi U ... U x^, so that 
t{xi) < t{xl) < ■ ■ ■ < t{x'f*) < t{xi+i),t{xo) = 0. Then 



K,{cj) = Y, ■ LlJ{-& U u) 

i?Cw‘ 


''tixfi) ’ 


= [Kf . {V^IY + 


where the points zi,...,Zn G X*, t{zi) < ... < t{zn) define the decomposition 
u} = UZi into atomic tables llOl . Thus the chronological products llOl of the 
kernels Fl = L\ + defines a unique solution of the system (18.411 . which is a 
pseudo-isometric (pseudo-unitary) kernel if and only if the same is true for each 
factor ... ,Fl^. If, in addition, the kernel Kt{u)) is locally bounded 

for each t relative to the quadruple a = («()) of positive functions a{):{x) locally 
integrable in the sense 



a_|_(a:)d2; < oo. 



-|- tto (a;)^)r(a;)da; < oo. 


ess sup—< oo, 

xex* P{x) 


then, in accordance with Theorem O the representation (TT^ defines the map e : 
Kt —> Tt as *-homomorphism in the ^-algebra of g-bounded, q > p+l/r, operators 
on G'*' satisfying the exponential estimate (17.611 . Moreover, Tt is an isometry (a 
unitary operator) if the kernel Kt is pseudo-symmetric, that is, Kf . = / (g) 1® 
(pseudo-unitary, that is, Kf = K{~^), with respect to the kernel product (17.1011 of 
Ghapter I and the pseudo-involution Kt i-^. Kf. For any chronologically ordered 
collection us = {ui^) this is guaranteed by the corresponding properties of the kernels 
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KQ,Vg^s < t and Fz (for almost all z e X*) by virtue of the representation of 
(18.1)11 in the form of a finite product of the kernels and Fz = 

Fz^^\v*f^^y z £ uj,t > t{z). Hence the kernel-matrices F(x) = [F^{x)], with the 
entries 

F,^(x)=0,m>p, FZ{x)=I = F+{x), = F,(x((), 

are pseudo-isometric (pseudo-unitary). This implies that the operators Tq = e{Ko) 
and Ul = e(Vj) are isometric (unitary) and the triangular matrix S(a;) = [e(F^(x))] 
(where S^{x) = 0 if ^ > v SZ{x) = I = S'+(a:^) and Sj^(x) = e(F(x^)) if ^ ^ ^ 

—), defining the generator A(x) = as S(x) — 7 0 l(x), is pseudo-isometric 

(pseudo-unitary). 

By virtue of the uniqueness of the representation Tq = e(Ko),U* = e(Vg), and 
S(a;) = e(F(x)) up to the *-ideal described in Section 2 of Chapter I, the resulting 
conditions are necessary and sufficient for the solution Tt = ({Kt) of the non- 
adapted quantum-stochastic equation JOl . uniquely (up to the ideal mentioned 
above) determined by the pseudo-isometric (pseudo-unitary) kernels (18.till , to be 
isometric (unitary). Writing the condition S^S = 7 0 1 in terms of the matrix 
entries S^{x), S'!)), = we obtain the system (18.711 : 


[StS](a:) 


1 , siixY, s:^{x)* 

0, s°(a))*, S-(a:)* 

0 , 0 , 1 


Thus Theorem 1^ is proved. | 


1, 

So (x), 

S+(x) 


1, 

0, 

o' 

0, 

s:(x), 

SUx) 

= I0 

0, 

I{x), 

0 

0, 

0, 

1 


0, 

0, 

1 


Remark 6. Suppose that the evolution family {Ul} is a solution of the non¬ 
stochastic non-adapted equation 


( 8 . 8 ) 


ul = i+ [ Ul^-^Sf{x)dx, S<t, 

J s<t{x)<.t 


and in the dissipative case Sf{x) + Sf{x)* < 0 this solution is defined as an 
adapted family of contractions Ul : G ^ G,||17!|| < 1. Then the solution of the 
differential equation (lOl can be written in the form of a purely stochastic quantum 
multiple integral Tt = Lq{B*) satisfying (I8.dll with Tg = U^ and the generators 
A*(x) = A(x)(Ulf'^^ 0 l(x)), where 

Af{x) = 0, H+(a;) = S° (x), H“(a:) = S“(x),H°(a:) = S°(a:) - 7 0l{x). 


In the case when the operator function S_^_ (x) is locally absolutely integrable in the 
sense that ||S)I(a:)||da: < oo for all t, and if we have 

j-j Sfixi)...Sfix„) 




n=0 



where Xf = {D £ X ■. d < [s, t)}, S_|_ (xi,..., a;„) = S_|_ (xi)... S_|_(x^), then this 
representation can be directly obtained by the integration with respect to iof £ X of 
the kernel Kt{oj) — [Fz-t ■ ■ • defined for co* = ziU.. .Uz„ as the chronological 

product of the kernels FY'-^) = Flf{x, t^\xO) for all ui = (w){f) ifx £ and Fx{u}) = 
I 0 l®(a;) if X ^ Uujjj, which correspond to the representation Sf(x) = €(Ffi(x)). 
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For we write the solution of the equation Tt = / + Iq(T(S — 1 )) in the form Tt = 
€{Kt), where Kt is the kernel H 8 . 6 II with Kq = J® and F* = Fx independent of t. We 
denote by {zi ,..., z„} the subchain of the chain {xi,... Xm} of the decomposition 
= xi U ... U Xm that corresponds to the elements Zi ^ , and we write the 

integral of with respect to G X in the form of a multiple integral in 

G = 0,1,... ,n, where t{zo) = 0 , t{zn+i) = t, and Zi G X,i = 1,... ,n. 

Then, in accordance with (TtITI of Chapter I we obtain the kernel chronological 
product 




t(z2) 

t(zi) 


T/t 

C (2 


](a;°,u,Wo). 


Here in the square brackets we have the product of integral kernels Fx{uj°, v,uJo) = 

/F, ‘‘^“'jdi^and 
•’ \UJ V J 


OO n p Ft 

Vl{u}°,v,u}o) = ^ /•■■/ [F+(a;i)...F+(a;„)](a;°,'u,Wo)]^da;i, 

n =0 ^ ^=1 




where {x)]{uj°,v,uJo) ~ y j ^ other hand, we can 

obtain the same result if we integrate the kernel product 

K,{u,) = ■ F., . ■ ■ ■ F,^V,lJicv) 

with respect to uj^ G X, where the kernels Vj(u>) = [F^j^ ... Fx„^]{uj) (for Xlduj^ = 
xi U ... U Xn) define the representation = e(V(,‘) of the solution of (I 8 . 8 |l for 
S^{x) = e(F_p(a;)). Putting Fx{uj) = / 0 l®(u;) for x G X* and taking into 

account the consistency condition Vj! ■ , we find the solution of (lOl as the 

solution of ijOl with the generators = e(F*(x(;)), where 

- I®) • P4,,)](uUx(;) = 0 for {^i,v) = (-,+). 

This solution can be written in the form of the quantum-stochastic multiple non- 
adapted integral (16.511 of Bt{'d) = e{XIt{'d)), where Mt{'&,v) is defined in 118.511 by 
the kernels Kq = Vq and F^ = {Fx — I®) • The operator-function Bt{'d) is 

equal to zero if 7 ^ 0 , since the product (18.511 is zero for Xi G From this we 
can readily obtain the following corollary. 


Corollary 3. Suppose that S{^{x) = Fl^{x) ® 1, where F^{x) are closed dissipa¬ 
tive operators such that there exists a consistent family {P/} of contractions in H 
which allows us to write the solution of (Oil in the form C7| = P/ 0 1. {It is 
sufficient, for example, to require that Ff {x) be locally absolutely integrable, that 
is, IIF^ (a;)||da: < 00 for all t.) 

Suppose that the operator-functions 

F°(x):H^H®K„ F-(:c) :H®K, 

are locally square integrable in the sense that 

WPWi^Hr) = (^J^J\F{x)\\^r{x)dx'j ^ <00 

and ||Fo°||(“^ = esssup,j,gjft{||F°(a;)||/p(a:)} < 1 for some r~^ G Vo and p G Vi. 
Then the solution Tt = io{B), B{'d) = M{'d)®\. of the quantum-stochastic equation 
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(lOl is uniquely determined for each t > 0 as a relatively bounded operator Tt = 
e{Kt) representing by means of 117.911 the adapted chronological products 

(8.9) Lo.) = © F(xi) © © ... © F(x„) © 

Here {xi,... ,Xn} = (<u° U u U cuo) H is the chronologically ordered chain 0 < 
t{xi) < ■ ■ ■ < t{xn) < t, X = x^ if X G uj°, X = x° if X G V, X = x“ if X G ujo are 
atomic tables 1B.7II . F{xtf) = Fjf{x) is one of the three functions Ff_,F°,F^ , and 
© denotes the semi-tensor product defined recurrently by 

K{v) © F{-d) = {K{v) © U ■d\_)){F{'d) © I®{vf U y°) 

where vf = ujo,vl =v,v%= uj° ,'d = x“,x°,x^j_, and F{xf) = 

Moreover, the family Tt is adapted, it can be written as the purely quantum- 
stochastic integral (ICT of the Maassen-Meyer kernels 

U,) = © L{xi) © © • • • © L{Xn) © Vt\^^y 

where 0 }° U v U Uq = {xi,..., Xn}, L{x^) = F[x^) — I ® Sf = L^{x), and the 
following estimate holds: 

(8.10) llrtllp(r) < exp{i / {\\Lf {x)\\^ + \\Ll{x)\\'^)r{x)dx}. 

Jx* 

In fact since ||V).*|| < 1, the kernels 18.911 are bounded: 

\\Kt{w°,v,u;.) < ||f;(u;“)|M|F°(z;)|| ||i^o-(a;o)|k, 

relative to ||F(a;)||t = Y\x^uj* ll^(^)ll- To obtain 18.1011 we use (TTini . where we put 
Ci°+{x) = ||L^(a:)|| and af{x) = ||L“(x)|| for x G a°{x) = 0 = af{x) for 
X G X*, a'^{x) = 0 = af{x) for t{x) > t, a°{x) = |jF°(a:)|| for x G X*-, Q!°(x) = 1 
for t{x) > t, and af{x) = 0 for all x G X, and now the estimate 18.1 OH corresponds 
to llTilla = 1. 

Example 3. We construct the solution of (lOl corresponding to the pseudo¬ 
unitary operators S(x) = F(x) © i with the triangular operators F(a:) = 
where Ht(x) = H(a:) are pseudo-selfadjoint operators with the entries Hjf = 0 for 
/r = + or V = —, H~(x)* = Hf{x), and H°{x)* = H°{x). We assume that the 

local absolute integrability condition |jF_|r||(^^ = ||F_|r(a:)||da: < go is satisfied, 

which leads, since F is pseudo-unitary, to 

limip) = WFlix^dx)'^' < GO, ||F-||p) = ||F-(a:)fdx)'^' < oo 

and = esssnp^gx* l|T'o (a:)|| = 1. We can now define the operators Tt = 

e{Kt) as the representations of the chronologically ordered products Kt{oj) = F(xi)© 
• • • © F{xn) for U"_]^Xi = a;*, where F(x^) = Fjfix) are entries in the exponen¬ 
tial matrix exp{iH(x)}. We compute these entries by induction finding the powers 
H° = I, Hi = H, 



0, 

hth°, 

HTHf 


0, hth°-\ 

HfH° 


= 

0, 

TJO TTfO 

-^0-^0? 

H°Hl 

, H"+2 = 

0, 


HI 


0, 

0, 

0 


o 

o 

0 
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As a result we obtain F = n! as the triangular matrix with 

F,^ = 0,m>u, FZ=I = F+, 

F: = , F+ = H- [(e‘^o - 4° - + iiJ+ , 

FI = [(e‘^o _ i:)/h:]HI, F- = H- [(e'^o - 4)/if:]. 


Substituting the adjoint operators Fl^ , FFj_ in the form 

Hf = F*H° - iE*, Hf = H°F + iE, 

where the operators E{x) are uniquely determined by the conditions F[°{x)E{x) = 0, 
we can obtain the following canonical decomposition for the operators 

L>f{x)=Flf{x)-I®5>fI{x) 

of the unitary quantum-stochastic evolution Tt: 

(Lf Lj\ ^ (F*LIF, F*L°\ (\E*E, E*\ (iH, 0\ 

{lI Ll) \ LIE, LI j^\-E, 0 y ^ 0, Oyl ’ 

where El = Hjf — F*HfF, L° = exp{iiJ°} — 1°. Each of these three tables Li, i = 
1, 2,3, corresponds to a pseudo-unitary matrixFi = I+L^, these matrices commute, 
and we have nil Fi = i+Eli L i = F by the orthogonality of . The first matrix 
can be diagonalized by means of the pseudo-unitary transform fJFiFq so that 



'1, 

F*, 

-K 


0, 

0, 

o' 

Fo = 

0, 

I, 

-F 

, fJLiFo = 

0, 

o o 

0 


0, 

0, 

1 


0, 

0, 

0 


where K = F*F/2. This defines the decomposition of the quantum stochastic evo¬ 
lution into three types: 

(1) Poissonian quantum unitary evolution, which is given by the diagonal ma¬ 
trix F corresponding to = 0 except pL,v = 0; 

Ti = e{Ki) = F>^^, F>^^ =: exp{i^^ iI°(x)A°(dx)} : 

where jjh](>f) = F°(a;i)0- • •©F°(a;„)h(>^) for the chain = {xi,..., Xn}, 
t(xi) < ■ ■ ■ < t(xn); 

(2) Brownian quantum unitary evolution corresponding to H° = 0 = Hf and 
iHf* =E = iH-; 

(3) Lebesgue quantum unitary evolution corresponding to = 0 for all (qi, v) 
(“>+)•■ 



where (x) = (xi)... (x„) for k = {xi < ■ ■ ■ < x„}. 

X^>C 
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